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Abstract
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exploiting price differences between commodities in neighbouring markets.
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1 Introduction

The transport of commodities can be conducted via air, road, sea or rail routes
(in case of freight) or through pipelines (in case of gas or oil), or transmission
lines (in case of electricity). In this paper, we theoretically analyse how transport
constraints influence competition in commodity markets with spatially distributed
oligopoly producers.

Transport constraints limit trade, which makes production and consumption
less efficient. Moreover, transport constraints reduce competition between agents
situated in separated markets, which worsens market efficiency even further. Con-
gestion is of particular importance for markets with negligible storage possibilities,
such as wholesale electricity markets. Then demand and supply must be instantly
balanced and temporary congestion in the network can result in large local price
spikes. Hence, the same market can at times exhibit very little market power
and, at other times, suffer from the exercise of a great deal of market power.
Borenstein et al. (1999) show that standard concentration measures such as the
Herfindahl-Hirschman index (HHI) work poorly to assess the degree of competi-
tion in such markets. Thus competition authorities who seek to predict the use
of market power under various counterfactuals — what might happen if a merger
or acquisition is accepted or transport capacity is expanded — need more detailed
analytical tools.

We consider a homogeneous commodity that is produced and consumed in
local oligopoly markets connected by a network of transport links. Our analysis
has other applications, but it is mainly motivated by the design and operation of
wholesale electricity markets. Transportation through a network link is costless up
to the link’s transport capacity. Demand is inelastic up to a reservation price and
production costs are common knowledge. We consider a simultaneous-move game,
where each strategic producer first commits to a supply function, as in wholesale
electricity markets, and then a local exogenous additive demand shock is realized
in each local market. After demand shocks have been realized, the price-taking
transport sector buys the commodity at the cheap end of a transport link and sells
it at the more expensive end, until the transport capacity is exhausted or until
market prices are equal at both ends of the link. We solve for a Nash equilibrium
of supply functions, also called a supply-function equilibrium (SFE).

The SFE for a single market with marginal (uniform) pricing was originally
developed by Klemperer and Meyer (1989) and first applied to electricity markets
by Green and Newbery (1992). They show that the optimal output of a producer
is proportional to its mark-up and the slope of its residual demand at every price.
In our setting, transport constraints and multiple local demand shocks mean that
a firm does not know the slope of its residual demand with certainty at a given
price. We prove that Klemperer and Meyer’s (1989) condition can be generalized
to such cases; the optimal output of a producer is proportional to its mark-up and
the expected slope of its residual demand at every price. This relationship can
be used to numerically solve for equilibria in general networks. Related results
have been derived by Wilson (2008), but he considers a system with shocks in the
transmission capacities, whereas we consider local demand shocks. In addition to



Wilson (2008) we also contribute by deriving global second-order conditions for
general networks and by establishing uniqueness and existence results for networks
with two nodes. Moreover, we contribute by deriving explicit expressions for
symmetric SFE when producers have identical costs, producers are symmetrically
distributed in a radial (tree) network and multi-dimensional demand shocks are
uniform.

Normally a local market would represent the geographical location of a market
place, and with transport we normally mean that the commodity is moved from
one geographical location to another location. But local markets and transports
could be interpreted in a more general sense. For example, a local market could
represent a geographical location at a particular point in time. Thus storage can
be represented by transport links that allow for transports of the commodity to
the same place but at a later point in time. The transport capacity of such a link
would then correspond to the local storage capacity.

Section 2 compares our results with the previous literature. In Section 3 we
analyse radial networks. Meshed networks are studied in Section 4. The paper
concludes in Section 5. All proofs are in the Appendices.

2 Comparisons with the previous literature

The setting of the SFE is particularly well suited for markets where producers
submit supply functions to a uniform-price auction before demand has been real-
ized, as in wholesale electricity markets (Green and Newbery, 1992; Bolle 1992;
Holmberg and Newbery, 2010). This has also been confirmed qualitatively and
quantitatively in several empirical studies of bidding behaviour in electricity mar-
kets.!

Our paper has many parallels with Wilson (2008).2 He uses calculus of varia-
tions to derive Euler conditions that extend Klemperer and Meyer’s (1989) model
to consider the network’s influence on bidding strategies. However, Wilson does
not establish uniqueness, derive any second-order conditions, nor does he study
examples where he (numerically or analytically) solves for SFE, so his analysis is
missing some fundamental components that our analysis provides.

Verifying global optimality conditions is important for oligopoly markets with
transport constraints, because previous research has shown that such conditions

'Empirical studies of the electricity market in Texas (ERCOT) show that supply functions
of the two to three largest firms in this market roughly match Klemperer and Meyer’s first-
order condition (Hortagsu and Puller, 2008; Sioshansi and Oren, 2007). The fit is worse for
small producers. According to Wolak (2007) the reason is that these studies did not consider
that supply functions are stepped. He shows that both large and small electricity producers in
Australia choose stepped supply functions in order to maximize profits; at least observed data
does not reject this hypothesis.

2Related is also Anderson et al. (2007), who investigate a two-node transmission network
with both independent and correlated demand at the nodes. They derive formulae to repre-
sent the market distribution function for a producer when its network becomes interconnected
to a previously separate grid under the assumption that the interconnection does not change
competitors’ supply functions.



are often violated in such settings. The reason is that transport constraints can
result in a producer’s residual demand curve having discontinuous changes in its
slope. These kinks are such that the slope becomes discontinuously less price
sensitive when net imports to the producer’s local market are congested. In the
neighbourhood of such a kink the residual demand curve is sufficiently convex to
yield a profitable deviation from a first-order solution in which imports to a local
market are nearly congested (namely by withholding production in order to push
the price above the next breakpoint in its residual demand curve). This type of
deviation will often rule out pure-strategy Nash equilibria in networks with trans-
port constraints, especially if there are no market uncertainties, so that each bidder
can perfectly predict the location of the kinks/breakpoints of its residual demand
curve in equilibrium.?> Borenstein et al. (2000) for example rule out Cournot
NE when the transport capacity between two symmetric markets is sufficiently
small and demand is certain. Downward et al. (2010) analyse similar problems in
general networks with transport constraints.*

We use Anderson and Philpott’s (2002a) market-distribution-function approach
to verify that monotonic solutions to our first-order conditions are supply-function
equilibria (SFE) when the probability density of the demand shocks (shock den-
sity) is sufficiently evenly distributed, i.e. sufficiently close to a uniform multi-
dimensional distribution. In this case the producers react to the expectation of
the residual demand slope over different congestion conditions. The uncertainty
has a smoothing effect, which reduces problems with local convexities in the resid-
ual demand curve, so that profitable deviations from first-order solutions can be
precluded. But existence of SFE cannot be taken for granted. Profitable devia-
tions from the first-order solution will for example exist for perfectly correlated
demand shocks or for steep slopes and discontinuities in the probability density of
the demand shocks.?

Our paper also differs from Wilson (2008) in the source of randomness. Wil-
son focuses on shocks in the transmission capacities, e.g. due to tripped electric
power lines. His general model has a multi-dimensional shock in the transmission
capacities, so that each transmission line could have a capacity that is imperfectly
correlated with the capacity of other transmission lines. Wilson also allows for a
shock in total demand in the network. Local demand could be a function of this

3But Escobar and Jofre (2006,2008) show that there is normally a mixed-strategy NE in
those cases. Adler et al. (2008) and Hu and Ralph (2007) show that existence of pure-strategy
Cournot NE depends on the assumptions made about the rationality of the players. Hobbs et al.
(2004) bypasses the existence issue by using conjectural variations instead of a Nash equilibrium.
Existence of equilibria is more straightforward in competitive networks with infinitesimally small
producers (Cho, 2003; Escobar and Jofre, 2006, 2008; Holmberg and Lazarczyk, 2015).

4Willems (2002) analyses how a network operator’s rule to allocate transmission capacity in-
fluences the Cournot NE. Wei and Smeers (1999) calculate Cournot NE in transmission networks
with regulated transmission prices. Oren (1997) calculates Cournot NE in a network with trans-
mission rights. Neuhoff et al (2005) use Cournot NE to analyse competition in the northwestern
FEuropean wholesale electricity market.

®Note that a discontinuity in the demand shock density of a local market is acceptable as
long as it occurs when transport capacities in all transport links to the local market are binding.



total demand shock, but demand shocks are still one-dimensional.® Our model is
different in that we consider multi-dimensional demand shocks, so that demand
in a local market could be imperfectly correlated with demand in other local mar-
kets. On the other hand, we do not consider shocks in transmission capacities.
Thus our model is more relevant for commodity markets where the uncertainty is
dominated by local net-demand shocks, which for example is the case for power
systems with significant amounts of spatially distributed, intermittent wind power
plants.

It follows from Klemperer and Meyer (1989) and Genc and Reynolds (2011)
that there will be multiple SFE in a single market when the demand shock is
sufficiently bounded such that a producer is certain to sell a strictly positive output
that is strictly lower than its production capacity. The reason is that a producer
has a lot of freedom when choosing the shape of sections of a supply function that
is never going to be price-setting. As illustrated by Klemperer and Meyer (1989),
producers can use this freedom to support a wide range of equilibria. However,
as shown by Holmberg (2008) and Anderson (2013), a unique equilibrium will
normally exist if demand shocks are such that any point of a producer’s supply
function would be marginal for some possible demand shock outcome. Our local
demand shocks have this property, so our uniqueness results are consistent with
the previous SFE literature for single markets.

The SFE model has mainly been used in studies of producers’ strategic bid-
ding in wholesale electricity markets. But there are some exceptions. Laussel
(1992) and Pehlivan and Vuong (2013) have for example used the SFE to study
competition between exporters in a global economy. In this context our model
with transport constraints would for example be useful when analysing the effect
of trading quotas on the strategic interaction between exporters. Krishna (1989)
has previously analysed such problems for the case with Bertrand competition
between exporters. Related is also Malamud and Rostek’s (2013) study of traders
that compete with linear supply functions in a network of decentralized exchanges
without transport constraints.

3 Radial networks

Radial networks have a tree structure. Such graphs have no loops, so there is a
unique chain of transport links between any two local markets. Radial networks for
example include hub-and-spoke and line networks. Although most electric power
networks contain loops, radial networks are often used as a first approximation.
Some market operators in Europe use radial approximations when clearing the
wholesale electricity market. Thus producers in such markets would consider this
radial approximation when preparing their bids. Cho (2003) uses an extensive
radial network to approximate the electric power grid in California. In the Nordic
countries, Britain, New Zealand and Germany, the dominating transmission ca-
pacity constraints approximately separate the electricity market into a northern

6This is the case for Wilson’s (2008) general set-up. An exception is his introductory analysis,
where he discusses SFE in two-node networks with two local demand shocks.



and southern market, giving a simple two-node radial representation.

3.1 Model set-up

A homogenous commodity is traded across a network of M local markets (nodes).
They are connected by K directed” transport links (arcs) in the following way: at
most one arc connects any pair of nodes, but there is a path (series of arcs) that
can be followed from any one node to any other (i.e. the network is connected).
Radial networks have K = M — 1, so that there is a unique path between any
two nodes. As is standard in graph theory, the topology of the network can be
described by a node-arc incidence matrix A (Bazaraa et al., 2009). This matrix
A has a row for every node and a column for every arc, and mk—th element a,,
defined as follows:®

—1, if arc k is oriented away from node m,
ke = 1, if arc k is oriented towards node m,
0, otherwise.

Every arc starts in one node and ends in another node, so by definition we have
that the rows of A add up to a row vector with zeros. Thus the rows are linearly
dependent. It can be shown that the incidence matrix A of a connected network
has rank M — 1 (Bazaraa et al., 2009).

The transported quantity in arc k is represented by the variable ¢, which can
be positive or negative, the latter indicating a flow in the opposite direction from
the orientation of the arc. Thus the mth row of At represents the flow of the
commodity into node m (imports) from the rest of the network. Transportation is
assumed to be lossless and costless, but each arc k has a capacity f;, so the vector
t of arc flows satisfies

—T<t<t. (1)
Each arc is in one of three states depending on whether the flow is uncongested,
at capacity in the positive direction, or at capacity in the reverse direction. Since
our network has K arcs there are 3% different combinations of states for the arcs.
We denote each of these combinations by an integer w € Q = {1,2,...,3%} called
a congestion state.

At each node m there are N,, producers who play a simultaneous move, one
shot game. Each producer offers a nondecreasing differentiable supply function

an(p)?n:]'727"'7Nm7

that defines how much each firm is prepared to supply at price p.” We denote the
total nodal supply in each node by S,, (pn) = Zﬁf;”l mn (Pm) and the vector with

"It matters for the mass/material balance in a node whether a flow is imported or exported
from the node. The direction of an arc defines the positive direction of the flow through the arc.
A negative flow indicates that the transported quantity is flowing in the opposite direction.

8Some authors adopt a different convention in which a;;, = 1 if arc k is oriented away from
node 1.

9Similar to Wilson (2008), forward contracts and similar contracts could be considered by
assuming that the output, offered supply and production capacity are net of contracts.
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such components by s(p). We also introduce S, —, (pm) = Z;.V:’”Lj 2 Qmj (D),
which excludes the supply of firm n from the nodal supply in node m. For sim-
plicity we assume that each firm is only active in one node.

Demand in each node m is given by a random local shock ¢, having a known
probability distribution with joint density f (1, ¢, ..,ex).!% The demand shocks
are realized after firms have committed to their supply functions. We let D, (py,)
be the realized residual demand function of firm n in node m. This is the market
demand that is not met by other firms in the industry at price p,, in node m for
a realized vector of local demand shocks & = {&,, }2_, .

We assume that the commodity is traded at the local market price of each
node. In electric power networks this is called nodal pricing or locational marginal
pricing (LMP) (Chao and Peck, 1996; Hogan, 1992; Bohn et al., 1984). There is
no storage in the nodes. Hence, for each realization e, the market clearing must
result in network flows t and local market prices p, such that net-imports are

equal to net-consumption in each node (consumption net of production).
At = ¢ —s(p). (2)

A price-taking transport sector, such as a regulated network operator, clears the
market after the demand shocks have been realized. In a radial network, the
transport sector buys the commodity at the cheap end of a transport link and
sells it at the more expensive end, until the link’s transport capacity is exhausted
or until market prices are equal at both ends of the link.

We let C,,,, (¢) be the production cost of firm n in node m. It is differentiable,
convex and increasing up to its capacity constraint g,,,. The reservation price p
is such that p > C! . (Gmn) for all m € {1,..., M} and all n € {1,..., N, }.1!
When solving for an SFE, i.e. a Nash equilibrium of supply-function bids, we
assume that each producer is risk-neutral and chooses its supply function in order
to maximize its expected profit.

3.2 Market-clearing conditions

Given supply functions and a vector of local demand realizations, the price-taking
transport sector buys the commodity at the cheap end of a transport link and
sells it at the more expensive end, until the link’s transport capacity is exhausted
or until market prices are equal at both ends of the link. This corresponds to the
market-clearing conditions below, where p is the vector of non-negative shadow
prices (one for each arc) for flows in the positive direction, and o is the vector of

190ur model does not consider price-response on the demand side. However, similar to Wil-
son (2008), the model could be generalized by representing a strategic consumer with demand
Dy (p) by a supply function Sy, (p) = —Dimn (p)-

"'The reservation price is the highest price that the auctioneer is willing to pay for the com-
modity. Most auctions and wholesale electricity markets have reservation prices.



non-negative shadow prices (one for each arc) for flows in the negative direction.

Alp=p-0o

,OkZO, tkgt_k,ipk(t_ki—tk)zo,k‘le (3)
o >0, tp > —tp, Uk(tk—Ftk):O,k:l...K.

At +s(p) =e.

The first condition states that the shadow price for an arc equals the difference
in nodal prices between its endpoints. The second and third set of conditions are
called complementary slackness. They ensure that there are no feasible profitable
arbitrage trades in the radial network. If two nodes are connected by a congested
arc then the price at the importing end will be at least as large as the price in the
exporting end. The fourth condition ensures that net-demand equals net-imports
in every node. These market-clearing conditions would for example be satisfied for
a capacity constrained, perfectly competitive transport sector. As shown by Chao
and Peck (1996), the same conditions would also arise for a regulated network
operator that treats an inverse supply function, Q, ! (), as if it is a statement of
the actual marginal cost of firm n in node m, and that accepts production in order
to minimize the total stated production cost subject to that local demand in each
node is satisfied without violating any transport constraints.

Recall that A has rank M — 1 for radial networks, so it is not invertible.
However, we can remove any row from the matrix A to make it invertible (Bapat,
2010). The removed row corresponds to a node, which we denote by m and refer
to as the slack node.'> We can now write the market-clearing condition that
net-imports equal net-demand in the remaining nodes as follows

A—mt =€_m — S—m(p)7

where we use the subscript —m to indicate that row m has been removed. Flows
in the network can now be determined from net-exports in the remaining nodes
as follows:

t=— (A*m>71 (s-m(P) —€-m) - (4)
H

The components of the matrix H define power transfer distribution factors (PTDF's)
Hj,y that give the flow on arc k£ that would result from a net-injection of one unit
at node ¢ # m and a withdrawal of one unit at the slack node m.

Similar to Wilson (2008) it is convenient to choose the slack node m to be a
trading hub with nodal price p = p,,. As shown by Xu and Baldick (2007), Hogan
(2000) and Chao et al. (2000), one can express the vector of other nodal prices
P_m in terms of the price of the trading hub and the shadow prices of the arcs.

P-m = le—l - HT (p - 0) ) (5)

where 1,; 7 is a column vector of M — 1 ones. Thus the injection of one unit at
node ¢ # m that is withdrawn at the trading hub m is paid p (the local price
at the trading hub) minus resulting shadow price payments for resulting flows on
congested lines.

12Tn power system studies the slack node is sometimes also referred to as the swing bus.
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3.3 Optimality conditions

In this subsection, we consider firm n in node m of a radial network. We derive
optimality conditions for its supply-function offer @Q;,,(-), given supply functions
of its competitors. In these calculations, it is convenient to let node m be the
trading hub and slack node of the network. Thus the trading hub and slack node
is moved, when deriving optimality conditions for firms in other nodes.

To derive the optimality conditions for a supply function @,,, (), we consider a
candidate point (p,q) € (0,p) X (0, Gmnyn) with the nodal market price p at node m
(the trading hub) and the output ¢ of firm n, and investigate whether such a point
could be part of an optimal supply function @, (-). When testing this for (p, q),
we restrict attention to the set of demand shocks such that the residual demand
curve passes through the candidate point (p, ). Thus we introduce

E(p,q) = {e | D5,,(0) = ¢}

We partition E(p, §) into 3% disjoint subsets F(p,G,w) each of which consists of
the demand shocks in E(p, ¢) that produce a congestion state w € . To simplify
our presentation, we only consider demand outcomes € that are strictly inside a
congestion state. The probability of the outcome where an arc is just binding, i.e.
on the boundary between two congestion states, is negligible. Given differentiable
supply functions for each competitor and a vector of demand shocks €, the realized
residual demand curve of producer n in node m is piecewise differentiable. Kinks
in the realized residual demand curve occur at points where a transmission-line
switches between being uncongested and congested as producer n slightly varies
its output. However, the probability of being cleared at a kink is negligible. For
any considered demand outcome €, all arcs will have an unchanged congestion
status for marginal changes in the bid price or output of producer n.

Let = (w) be a set with node m and all nodes that are connected to node m
through an uncongested chain of arcs for congestion state w. We say that nodes
in this set are completely integrated with node m.

Lemma 1 In a radial network all nodes in Z(w) have the same market price p
for a congestion state w. The slope of residual demand facing producer n in node
m is given by

! d £ ! !
P te=(@\{m)

fore € E(p,q,w).

Thus D), (p,w) equals the sum over competitors’ supply function slopes in the
integrated area consisting of nodes that are linked to node m by uncongested lines
in congestion state w.

For considered (non-negligible) shock outcomes, E(p, ¢, w:) and E(p, G, ws) are
disjoint when w; # wsy. Thus the probability that a residual demand curve for



producer n at node m passes through the interval [§,§ + dq| at price p equals
Py, 4)dg, Where

P p; Z Pmn (7)

and

.  Pr(Uocnca B(p, 4+ n,w))

P (D, 4, =1 == ’ ’ . 8

(b, w) = lim, a (8)

The conditional probability that the congestion state is & given that Dg, (p) = ¢
can now be defined by:

2 N A A Pmn (ﬁ? qA7 (:(\J)

Pon(@ | D, q) = — 9
Given the residual demand slopes D!, (p,w) for each state w, and pmn(dz | p,q),
we find it useful to introduce the function Z,,,(p, q):**

Definition 1 In a radial network,

Zn (0,0) = (0= Crp(@)) Y =D (p,0) Pran (@ | ,0) — . (10)

w

The combination of (6) and Definition 1 yields:

Corollary 1 In a radial network

w w)\{m}
(11)

The sum ) —D. . (p,w )Prn(w | p.q) in (10) is the expected slope in the
residual demand that firm n is facing at a point (p, ¢), in other words

oy [~ Dl (p,w) | D5(p) = q] =Y =Dy (p.w) P (w | p, q)- (12)
This sum can be interpreted as a quantity effect, i.e. how many units are lost
in expectation when producer n increases the local price in node m by one unit,
provided that residual demand passes through the point (p,q). Multiplying the
lost quantity by the mark-up (p — C/,,,(q)) gives the lost value due to the quantity
effect. The second term, g, is the price effect. This is what producer n would gain
in expectation from increasing the price in node m by one unit if its output is fixed
at ¢. There is an extremum when the price effect equals the lost value due to the
quantity effect, so that Z,,, (p,q) = 0. The extremum is a profit maximum if the
quantity effect dominates the price effect at prices above the extremum price and
if the price effect dominates at prices below the extremum price. For a monotonic
increasing supply function @,,,(p) this is equivalent to the following statement,
which is formally proven in Appendix A by means of Anderson and Philpott’s
(2002a) market-distribution-approach.

13Note that our definition of Z,,,(p,q) should be multiplied by > P (p,d,w) to make it
consistent with the Z function that was originally introduced by Anderson and Philpott (2002a).
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Proposition 1 In radial networks, a monotonic increasing supply function Q. (p)
15 globally optimal if it satisfies

Zmn (p,q) >0, if ¢ < Qun(p)
Zmn (0,0) =0, if ¢ = Quun(p) (13)
Zn (0,0) <0, if ¢ > Qun(p)-

The following necessary first-order condition follows from Definition 1, (12)

Corollary 2 For radial networks, a monotonic increasing optimal supply function
Qumn(pm) satisfies

Qumn(Pm) = (Pm — O1lnn<an(pm))) B, [_D;nn(pmaw> | D5 (Pm) = an(pm>](14)

This generalizes the first-order condition of Klemperer and Meyer (1989) to
multi-dimensional shocks, by saying that the optimal output of a producer at
its local price p,, is proportional to its mark-up and the expected slope of the
residual demand that it is facing at p,,. Wilson (2008) derives a similar first-
order condition for his setting. The necessary first-order condition could be used
to empirically test the optimal bidding behaviour of producers in the presence
of transmission congestion. By, [—=D!  (pm,w) | DE,,,(Pm) = Qumn(Pm)] would then
be estimated from the historical average slope of residual demand at price p,,
when the output of firm n in node m is @, (prm). Previous empirical studies of
bidding behaviour in wholesale electricity markets (e.g. Sioshansi and Oren, 2007;
Hortagsu and Puller, 2008; Wolak, 2007) have neglected transmission constraints.

In this paper we will use optimality conditions to solve for Nash equilibria
in networks. Lemma 8 in Appendix A presents an explicit expression for how
conditional probabilities P, (w|p, q) can be calculated in a general radial network.
Thus we can use (11) and the optimality condition in Proposition 1 to solve for
the best response of firm n in node m to competitors’ supply functions. We could
in principle do this for each firm in the network and then solve for an asymmetric
Nash equilibrium from a system of such equations. However, we will focus on
solving for symmetric equilibria. In this case, we find it useful to introduce a
market integration function as below.

Definition 2 For firm n in node m we define the market integration function by

Hmn (pa q) = Z ME(w)Pmn (w’pa q) )

where Mz, is the number of nodes in the set = (w).

Thus, the market integration function is equal to the expected number of nodes
(including node m itself) that are completely integrated with node m given that
firm n has output ¢ and node m has the market price p.

11



Lemma 2 Suppose each node has N,, = N > 1 identical producers with produc-
tion costs C(Q), and each producer chooses a supply function Q (p) in order to
maximize its expected profit. A necessary condition for Q (p) to be a SFFE is

Q={@-C@Q)kEQMP)N-1)C, (15)
where 1 (p, Q (p)) = tyn (0, Q (p)) for each node m and firm n.

The next lemma shows that p (p, @ (p)) simplifies in networks with symmetric
producers.

Lemma 3 Consider a network that is symmetric with respect to producers and
where each node has N, = N > 1 producers, which are identical. If each producer
chooses a monotonic supply function Q (p), then Pn,(p,Q (p),w) is determined

by the nodal output; there is a function P(NQ (p),w), such that
Poun(p, Q (p) ,w) = P(NQ (p) ,w) (16)
for each node m, each firm n, any positive integer N and any @ (p). Similarly,

_ 2 Mz P(NQ (p) ,w)
>, P(NQ (p),w)

for each node m, each firm n, any positive integer N and any Q (p).

mn (9, @ (p)) = 1 (NQ (p)) (17)

Symmetric offers @) (p) and realized nodal prices depend on the number of
firms per node. Still, it follows from Lemma 3 that market integration of a node is
determined by its nodal output irrespective of the number of symmetric firms per
node. The reason is that by assumption consumers are insensitive to the price, so
the number of production units that are needed to meet a given demand shock
outcome does not depend on market competition. Moreover, the order in which
production units of symmetric firms are accepted is the same irrespective of their
symmetric mark-ups. Thus 7 (-) can be determined from a competitive market
with price-taking firms. Omnce this market integration function is known, one
can use (15) and (17) to determine symmetric SFE of a finite number of spatially
distributed producers. It follows from (15) that symmetric oligopoly producers will
increase their mark-ups at output levels where the (exogenous) market integration
function 1 (NQ) is small, i.e. when arcs to node m are congested with a high
conditional probability. Similarly, oligopoly producers will decrease their mark-
ups at output levels where the market integration function 1z (N Q) is large.

We have derived the optimality conditions above for our setting with multi-
dimensional demand shocks. However, with minor edits in the proofs in Appendix
A, the optimality conditions can be proven to hold for other settings where the
residual demand curve of a firm is shifted horizontally by shocks € € F(p, ¢,w) for
any given w. Thus the slope of a firm’s residual demand curve is determined by
the congestion state and the firm’s local price. It can for example be shown that
the optimality conditions above would hold also for strategic producers competing
with supply functions in networks with shocks in the transmission capacities. The
computation of conditional probabilities P, (w|p, ¢) in Appendix A is less general;
it only applies to our setting with multi-dimensional demand shocks.
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3.4 Examples

By means of Corollary 1 and the first-order condition Z,,, (p, q) = 0, we are able to
construct a first-order condition for each firm in a radial network. The SFE can be
solved from a system of such first-order conditions for general radial networks. The
global second-order condition of an available first-order solution can be verified by
(13). In this section we use these optimality conditions to derive SFE for two-node
and star networks with symmetric firms.

3.4.1 Two-node network

Consider a simple network with two nodes connected by one arc from node 1 to
node 2 with flow ¢ € [—¢,]. There are three congestion states: w; corresponds to
t € (—t,t), wy tot =, and w3 to t = —t. We derive the optimality condition for
a firm in node 1, and thus we pick node 1 as being the slack node and trading hub
with price p = p;. It can be shown that:

Lemma 4 In a two-node network, the optimal supply function of firm n in node
1 can be determined from:

~

Zn (pyq) = (p — C1,,(0)) (51—, (p) + S5(p)) P (w1 | P, q)

Ho— (@) ) (Plea | p.0) + Pl |pg)) —g =0, ¥

where P (w | p,q) is defined by (9) from

P (p.g,w1) = ['1F 4+ Sin (p) = £, 52 (p) + 1) dt
P (p7 g, Ldg) = ng(p)—l—t:f (Q + Sl,—n (p) — 1, 52) d52 (19)
P(p,g,ws) = [P f g+ 81 (p) +1,85) deo.

Below we consider symmetric NE for symmetric firms and symmetric shock
densities. The existence of an equilibrium depends on the partial derivatives
fm (e1,62) = %ﬁ’ m = 1,2, of the shock density which must be sufficiently
small. It can be shown that symmetric solutions to (15) are equilibria under the

following circumstances.

Proposition 2 Consider a two-node network with N symmetric firms in each

node, each firm having identical production capacities q¢ and identical marginal

costs that are either constant or strictly increasing. If demand has a bounded

shock density that satisfies f(e1,e2) = f(eg,e1) > 0 and 2NG|fn (e1,62)] <

(BN —2) f (e1,2) when (e1,€2) € [—t, NG+ t]x[—t, NG+ 1] : {0 < g1 + e < 2Ng},
then there exists a unique symmetric SFE in the network. Fach firm’s monotonic

equilibrium offer, Q (p), can be calculated for p € (C'(0),p| from the initial con-

dition Q (p) = q and

oy Q(p)

“O = @) VENQE) - 1) 2
~ o P(NQawl)
FOVQ) = 1 g (21)

13



The functions P (NQ,w) are given by

P(NQw1) = [',f (NQ = t, NQ +t) dt
P(NQ,ws) = [yori f (NQ —#,25) des (22)
P(NQ,ws) = [5°7" f(NQ +t,e2) dea.

t

In the next step we will explicitly solve for the unique symmetric SFE in the
two-node network. To simplify the optimality conditions we consider the case
where demand shocks follow a bivariate uniform distribution.

Assumption 1: Consider a network with two nodes connected by an arc with
capacity t and with N symmetric firms in each node. Inelastic demand in each
node is given by the shock e,,. We assume that shocks are uniformly distributed
with a constant density, Vil, on the surface (e1,e3) € [—t, Ng+1t] X [-t,Ng+1] :
{0 <1 +ey <2NG} and zero elsewhere.

Proposition 3 Under Assumption 1, the symmetric market integration function
for the two-node network is given by

_4t+ Ng

_— e - . 2
=9 Ng (23)

There is a unique symmetric SFE with inverse symmetric supply functions that
can be calculated from:

- pR pN-
MQ:@l@ﬁvgrr+mN—nQN{4

TC" (u) du
TN (24)
It follows from Proposition 3 that the market integration function p simplifies
to a constant for uniformly distributed demand shocks. In this case, the equilib-
rium offer of a firm in the two-node network with N symmetric firms per node is
identical to the equilibrium offer of a firm in an isolated node with u/N symmet-
ric firms. We note that the market integration function p is close to 2 when the
transmission capacity ¢ is significantly larger than the nodal production capacity
N7, so that the two nodes are almost completely integrated. In the other extreme
when the transmission capacity is much smaller than the nodal production ca-
pacity, then the market integration factor is close to 1, i.e. the two markets are
almost isolated from each other, so that a node is approximately only integrated
with itself. Fig. 1 plots (24) for the special case with constant marginal costs. The
figure illustrates how the aggregated supply function in a node depends on puN
if the total production capacity in each node is kept fixed. As the equations are
identical, the symmetric SFE of the network also inherits the following properties
from the single node case (Holmberg, 2008).

Corollary 3 Solutions to (24) have the following properties:
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Figure 1: Aggregated nodal supply function for SFE in symmetric network with
N firms per node. In this example, marginal costs are constant up to a fixed nodal
production capacity. Demand shocks are uniformly distributed so that the market
integration function p is constant.

1. Mark-ups are positive for a positive output.

2. For a given nodal production cost function, mark-ups decrease at every pos-
itive nodal output level with more symmetric firms in the market.

Proposition 2 ensures existence of equilibria when slopes in the probability den-
sity of the demand shocks are sufficiently small, which is a new contribution. In
previous studies, which assume certain demand, existence of pure-strategy Nash
equilibria in transport-constrained networks has only been established for cases
where transport constraints are either far from binding or firmly binding (Boren-
stein et al., 2000). With certain demand, producers would typically have profitable
deviations from first-order solutions when transport constraints are close to bind-
ing. In our case, where demand is uncertain we find a pure-strategy NE although
the transmission-line can be binding, non-binding or close to binding with posi-
tive probabilities. However, existence is problematic for steep slopes in the shock
density and especially so when it has discontinuities. This is illustrated by the
non-existence example below.

Example 1 Shock densities with discontinuities: Assume that the support of
the shock €,,, m € {1,2} is given by [0,€]. The probability density is differentiable
inside the support set, but decreases discontinuously to zero when £, = € and
g9 € [0,], where

t<E<q+t, (25)
Thus the mazimum demand shock is sufficiently large to congest the line, provided
the output at the importing node is sufficiently small. However, the maximum
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demand shock is not large enough to exhaust both the import capacity and local
production capacity. Thus assumptions in Proposition 2 are wviolated. Consider
a potential symmetric NE of a duopoly market with one firm in each node with
identical costs C (q) and identical supply functions Q(p). Assume that the sym-
metric supply functions Q (p) are monotonic. In the following we will show that
the producer in node 1 will have a profitable deviation from the potential symmetric
pure-strategy NE. In particular we will consider the point (qo, po), where

g = Q(po) =2 -1t €(0,9), (26)

because of the inequality in (25). There is only one firm per node in our example,
s0 Sz (p) = Q (p) and S1,—,, (p) = 0. It now follows from (19) that outcomes where
the price in node 1 is p, the firm in this node has output q, and imports to node 1
are congested occur with the following probability:

Q(p)—t B
P (p,q,ws) =/ flg+1t,e)de
and accordingly
Qp)—t _
lim P (p,q,ws) > lim P (p,q,w3) = lim_ flg+t,e)de =0. (27)
qTe—t qle—t qle—t J_

Thus at the point (po, @ (po)) of its supply function Q(p), the producer in node 1
can discontinuously increase the probability that imports are congested by slightly
withholding output. However, P (p,q,w1) (the line is uncongested) and P (p, q,ws)
(exports are congested) are still continuous at the point (qo,po). From (19) we
have:

t

P
P (po, qo, w1) = f(QO—t,CIO‘i‘t)dt:/f(g—f—tag—t_+t)dt>0
—t

—t

P (po, go ) — ﬂ%—mwvi/f@—%wwza

t+qo

so (27) implies that

li P li P
11 (p07Q7w) < qugrlt; (p07Q>w)

qle—t
w

and accordingly

. ~ . P (pU) q, wl)
lim P(w ,q) = lim
qle—t ( ! | Po q) ngffzw P (p(b q, w)
P R
> lim PRSP, | ). (28)

qTE—wa P (p07 q, w) qTe—t

Thus the producer in node 1 discontinuously decreases the conditional probability
that the line will be uncongested by slightly withholding output. A necessary condi-
tion for the symmetric supply functions being an equilibrium is that the optimality
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condition in (13) is locally satisfied at the point (po,Z —t). Thus we must have
lTim_Zmn (po,q) > 0, but together with (18) and (28) this would imply that
qTe—t

qle—

limt_Zmn(pm q) = (p— C’(qo))Q’(po)qlligr_lt_f5 (w1 | Posq) — o

> (p— CI(QO))Q/(PO)qlTigt_P(Wl | Po,q) — Qo

= hm,Zmn (p07 Q) > 07
qle—t

which would violate the local second-order condition implied by (13), and accord-
ingly there is a profitable deviation from the equilibrium candidate.

Assumptions in Proposition 2 are also violated if demand shocks in the two
nodes are sufficiently correlated. In particular, existence of symmetric pure-strategy
NE is ruled out in the example below, where demand shocks are perfectly corre-
lated. In such an extreme case, a producer would be able to infer the slope of
its residual demand curve from the market price and thereby locate at what price
convex kinks would occur. Similar to the incentives to congest for certain demand
analysed by Borenstein et al. (2000), perfectly correlated shocks give a producer
in a node where imports are nearly congested the incentive to unilaterally deviate
from the first-order solution by withholding power in order to congest imports so
as to increase the price of the importing node.

Example 2 Perfectly correlated shocks: Consider two nodes connected by one
arc. Demand shocks in the two nodes are perfectly correlated. This means that
market prices are driven by a one-dimensional uncertainty. We assume that the
demand shocks in both nodes are strictly increasing with respect to this underlying
one-dimensional shock.'* We also assume that D!, < 0, n € {1,2}, so that S;(p)
and Sy (p) are always strictly positive. Thus both nodal prices are strictly increasing
in the underlying shock, and there is a one-to-one mapping between the underlying
shock and each nodal price. In the candidate equilibrium, firms maximize their
profits by choosing a supply function that optimizes the output for each price and
shock, so that the equilibrium becomes ex-post optimal as in Klemperer and Meyer’s
model of single markets (Klemperer and Meyer, 1989). Without loss of generality,
assume that the arc from node 1 to 2 is congested at the price p* and uncongested in
some range (p,p*). Assume that the first-order condition results in a well-behaved
monotonic solution for each firm where mark-ups are strictly positive in the range

"Tn his analysis (Wilson, 2008) of perfectly correlated shocks, Wilson focuses on the special
case when the shock at node 1 is fixed to zero. This means that regardless of deviations in
node 2, exports from node 1 can never congest the arc below the price p*. Thus the profitable
deviation that is outlined in our example does not exist in this special case. We have found that
ex-post optimal SFE can be constructed for such special cases. For similar reasons we have found
that SFE can be constructed when demand shocks in the two nodes are negatively correlated.
However, these equilibria are more complicated as one of the nodal shocks will decrease with
respect to the underlying shock. The price in this node will first increase with respect to the
one-dimensional underlying shock until the arc is congested and then decrease with respect to
the underlying shock. Thus such SFE are not ex-post optimal.
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(p,p*]. Consider a firm i in node 2 (the importing node), with the first-order
solution Q; (p). We choose p sufficiently close to p* and assume that the shock
density is well-behaved so that P (p, q,w1)+ P (p, q,ws2)+ P (p, q,ws) is well-defined
and bounded away from zero for (p,q) € (p,p*) x (Q2 (D), Qo (p*)). To simplify
the analysis we consider the case when firms have constant marginal costs. We
use (18) and consider

Zi (p,q) = (p — Cy)(S1(p) + Sé,fi (p)) P (wilp,q)
+(p — C3)55_; (p) P (w2 Uws|p, q) — g,

Pp.an) is the conditional probability that the

P(p,q,w1)+P(p,q:w2)+P(p,q,w3) P )

, P(p,q.w3)+P(p,g,w2

arc is uncongested and P (we U ws|p, q) Poaon )+ Ploao)t Plodms)
tional probability that the arc is congested It follows from our assumptions that
the first-order solution satisfies:

where P (w1|p,q) =

1s the condi-

PllnQu)  ={ g §050
P (wy Uws|p, Qi (p) = { 1 ifp>p
and that
Zai(p, Q2i (p)) = 0. (30)

Consider a price py € (p,p*). Since S1(p) > 0 and mark-ups are strictly positive
forp € (p.p*),

po— C5:S1(po) > inf {(p—C5)S1(p)} = A > 0.
PpE(D,p*)

We proceed to construct a deviation for the function Q;(p) that improves the payoff
of firm 1. The shock at node 1 is increasing in the underlying one-dimensional
shock, so for prices pg sufficiently close to p* it is possible for firm i to withhold
an amount of production §o € (0,A) so that P (w1|po, @2 (po) —d0) = 0 and
P (we Uws|po, Qai (po) — o) = 1. Let 61 be the infimum of such §y. This implies
that for every 6 € ((51, %)

Zi(po, Qai (o)) — Z2i(po, Qi (Po) — 0) = (po — C5;)(S1(po) + S5 _; (po)) — Qai (po)
—((po — C%) S5, _; (po) — (Qai (po) — 9))
= (po — Céi)si(Po) -0
A — 0
o

It follows from (30) that for every é € ((51, A”;‘Sl), Zai(po, Q2i (po)—9) < —(%) <
0, and so

Zi(po, Q2i (po) — 6) < _h(A ; 51) (31)

for some constant h > 0, where h is less than or equal to the infimum of P (po, Q2 (po) — 6, w1)+
P (po, Q2i (po) — d,w2) + P (po, Q2i (po) — d,w3) over & € (51, %). Withholding
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less than 61 units at py only has a second-order effect on 221- and Zs;. The deviation
in Qo (po) starts at ps < po, which we define by

Q2 (ps) = Q2 (po) — 9.

We assume that pg is sufficiently close to p*, so that we can find a sufficiently small
§ € (61,852 to ensure that ps > p. For some n, > 0, when p € (ps + 0y, po),
the line is congested when the offer is Q2 (ps) at price p. It follows from (30) and

(29) that

ZZi(p7 Q2i<p6)) = ZZi(pv Q2i<p6)) - ZZi(pv Q2z<p>)
= (p—C%)5_; (p) — Qai(ps)
—((p — C3)(S1(p) + S5 _; (p)) — Qai(p))
= Qai(p) — Q2 (po) + 6 — (p — C5,)S1(p)
< —(a-0)< -2

forp € (ps +ny,p0). Thus

A~ 3§,
5 )

Z3i(p, Qai(ps)) < —k(
forp € (ps +ny,p0) and some positive

k< inf  {P(p,Q2(ps),w1) + P (p, Q2i(ps), w2) + P (p, Qai(ps), w3) }-
PE(Ps+n1,P0)
Together with (31) this implies that if we integrate Z along the deviation defined

by &, then
Q2i(po)

Po
/ Zai(p, Q2i (ps))dp +/ Zai(po, ¢)dq < 0, (32)
Ps Q2i(ps)

if we choose py sufficiently close to p* and § € (51, %) sufficiently small, so
that first-order effects dominate second-order effects. (32) violates a mecessary
local optimality condition (Anderson and Philpott, 2002a). The intuition is that a
producer in an importing node always has an incentive to unilaterally deviate from
the first-order solution by withholding power in order to congest the arc at lower
prices than p*, which increases the price of the importing node.

3.4.2 Star network

Next, we consider a star network with four nodes and three radial lines with
capacity t as shown in Figure 2. Firms are located in nodes 1 — 3 and each arc
has the same number as the starting node, i.e. 1,2 or 3.

Demand shocks are defined on the following region O,:

(61,62763,64) €R4| —ES 6m§N6+ﬂ —3£§ 64§31T,
2t <en+es <Nqg+2, —t<e,+e+e4 <2NG+T,
0<e +e3+e3+¢e4 <3Ng,

Vm € {1,2,3} and V¢ € {1,2,3}, where { #m

O, =
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Figure 2: Star network example.

and we let V5 be the volume of this region.

Assumption 2. There are N firms with identical costs C (q) in each node
1 — 3. There are no producers in node 4 (the center node). Inelastic demand in
nodes m € {1,2,3,4} is gwen by &,,. Demand shocks are uniformly distributed
such that:

fle) =

Thus the shock density and network are symmetric with respect to nodes 1,2, 3.
We can show the following under these circumstances:

{VLQ if e €O

0 otherwise.

Proposition 4 Under Assumption 2, the symmetric market-integration function
1S a constant given by:

_ 3(Ng)® + 12ENg + 1272 (33)
N T3 (Ng)? + siNg 4

There is a unique symmetric SFE with inverse symmetric supply functions that
can be calculated from (24).

It follows from (33) that the market integration function is close to 3 when each
transmission capacity t is significantly larger than the nodal production capacity
N{q, so that the three nodes with producers are almost completely integrated. In
the other extreme when the transmission capacity is much smaller than the nodal
production capacity, then the market integration factor is close to 1, i.e. the local
markets are almost isolated from each other. Figure 1 and Corollary 3 apply to
the star network as well.

4 Meshed network

So far we have studied radial networks, where there is a unique path between every
pair of nodes. However, most electric power grids are meshed to some extent, i.e.
they have loops. To consider such cases we generalize our results to include more
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complicated networks consisting of M nodes and K arcs, where K > M. This
means that there will be at least one loop in the network, and there will be at
least two paths between any two nodes in the loop (Bazaraa et al., 2009). Thus we
need to make assumptions of how transport flows are divided between transport
routes for cases when there are multiple possible paths. Similar to Wilson (2008)
we assume that flows are determined by physical laws (Kirchhoff’s laws) that
are valid for electricity and incompressible mediums with laminar (non-turbulent)
flows. Such flows are sometimes called potential flows, because one can model
them as being driven by the potentials ¢ in the nodes. In case the commodity is a
gas or liquid (e.g. oil), the potential is the pressure at the node. In a DC network
it is the voltage that is the potential.'> For DC networks and laminar flows it can
be shown that the electricity and flow choose paths that minimize total energy
losses.

In a potential flow model, the flow in the arc k is driven by the potential
difference between its endpoints. Given a vector of potentials ¢, we have

B (AT¢)I~:

bk = X, (34)
where — (ATqb) . is the potential difference and X, is the impedance resisting the
the flow through the arc. The impedance parameter is determined by the geo-
metrical and material properties of the line/pipe that transports the commodity,
and is independent of the flow in the arc k. In a DC network, the impedance is
given by the resistance of the line.! To simplify the analysis we rule out some
unrealistic or degenerate cases: we assume that the impedance is positive and that
the capacities of the arcs and impedance factors are such that for any feasible flow,
the set of arcs with flows at a lower or upper bound contains no loops.!”

In principle, the meshed network could be cleared by a decentralized competi-
tive transport sector. However, in practice this would be complicated as it would
require significant coordination within the transport sector and between flows in
the arcs to ensure that all loop constraints are satisfied in the network. Thus
the relevant meshed case is to assume that the market is cleared by a regulated
price-taking network operator. The standard assumption for wholesale electricity
networks is that the network operator accepts production and determines feasible
network flows in order to minimize the total stated production cost subject to
realized local demand (Chao and Peck, 1996; Downward et al., 2010; Escobar and
Jofre, 2006, 2008; Holmberg and Lazarczyk, 2015; Wilson, 2008).

5For AC networks it is standard to calculate electric power flows by means of a DC-load flow
approzimation, where ¢ is the vector of voltage phase angles at the nodes (Chao and Peck, 1996).

16In a DC-load flow approximation of an AC network, X represents the reactance of the
transmission line.

17"This precludes certain degenerate solutions which can only arise if the values of the bounds
and impedances for arcs forming a loop £, coincidentally satisfy equations of the form

Z 5ka:¥k =0
kel

where ¢, = 1 if arc k is oriented in the direction that £ is traversed and d; = —1 otherwise. We
can preclude instances having such solutions by perturbing the line capacities if necessary.
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When analysing the optimal supply function of a producer in node m, it is
convenient to choose node m to be a slack node and trading hub with nodal price
p, as in the radial case. As before the vector of other nodal prices p_,, can be
expressed in terms of the price of the trading hub and the shadow prices of the
arcs (Xu and Baldick, 2007; Hogan, 2000; Chao et al., 2000):

Pom=ply_1—H (p—0). (35)

In the meshed case, the matrix H with power transfer distribution factors Hy, is
determined from (Xu and Baldick, 2007; Hogan, 2000; Chao et al., 2000):

-1

H=—X1(A)" (A_mX*I (A_m)T) , (36)

where X is a diagonal matrix with {X k}szl as diagonal entries. A_,, is nonsingular
in the radial case, which gives H = —((A_,,,)") " as in (4).

For each congestion state, we denote by L(w), B(w), and U(w) the sets of arcs
where flows are at their lower bound (i.e. congested in the negative direction),
between their bounds or at their upper bound, respectively. For each congestion
state, we also partition the shadow prices o and p into (o), 0Bw); Ovw))
and (01, OB(w), Py(v)) corresponding to flows at their lower bounds, strictly
between their bounds, and at their upper bounds. Similarly we find it convenient
to partition the rows of H into (Hp (), Hpw), Hu(w))-

As in the radial case, we let = (w) be a set with node m and all nodes that
are connected to node m through uncongested paths only for congestion state w.
We refer to such nodes as completely integrated nodes. We also introduce a set
T (w) with nodes that are semi-integrated with node m for congestion state w,
i.e. connected to node m through both congested and uncongested paths. We let
¥ (w) be a diagonal matrix with nodal supply slopes S)(p,)) for ¢ € T (w). We

also introduce .
(W ()" = (([ e ) ) , @)

T(w)

Hy )
—Hyw)
the set T (w). The following can now be shown by means of a related result in Xu
and Baldick (2007).

i.e. all columns in } are removed that do not correspond to nodes in

Lemma 5 All nodes in = (w) have the same market price p for a congestion state
w. The slope of residual demand facing producer n in node m is given by

D (pyw, pyo) = Ci,Dfrm() _S;n —n(P) — Zée N\{m} Z(p)

38
— > terwy St () + 13, ‘I’WT(WlI'WT) 1W\IllM_1 (38)

fore € E(p,q,w).

Thus the contribution from completely integrated nodes to the residual demand
slope of firm n in node m is similar to the radial case. However, the contribution
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from semi-integrated nodes is more complicated. The reason is that when producer
n makes a change in quantity or price at node m then contributions from semi-
integrated nodes have to be balanced by the network operator in order not to
violate line capacities or Kirchhoff’s laws. As flows between semi-integrated nodes
and node m are semi-constrained, this also means that semi-integrated nodes will
typically have prices different from p. Thus semi-integration implies that the slope
of the residual demand at price p of firm n in node m depends on the slope of the
nodal supply (in the matrix ¥ (w)) at prices different from p for nodes ¢ € T (w).

We find it convenient to define the following Z function for meshed networks.
Note that it simplifies to Definition 1 for radial networks, where D!  (p,w, p,o)
and P, (p, q,w, p, o) are not functions of the shadow prices p and o.

Proposition 5 The optimality conditions in a meshed network are the same as
in Proposition 1, but with

Fon (0,0) = (0 - xz/

P

/ _D/ D, 7p7 )p ( ap>U7|p7 )dUL de(w
U(w) Y T L(w)

(39)
where

) P (p, w0, p, o)
Pon (w,p,0 | p,q) = -
Zw pr(w) fUL(w) Pmn (pa q,w, P, O') daL(w)de(w)

Lemma 10 in Appendix D presents an explicit expression for how P (p, ¢, w, p, o)
can be calculated in a meshed network. As implied by the optimality condition
in Proposition 1, the first-order condition of producer n in node m is given by
Zmn = 0. Thus for given supply functions of its competitors, the optimal sup-
ply function @, (p) of producer n can be determined from the following implicit
equation:

Qmn (P) = (P = Cpon(Qun (p))) B[ Dy, (p,w, p, o) D5y (P) = @an (p)] - (40)

This is similar to the radial case, with the difference that in a meshed network
the slope of the residual demand of producer n at price p will often depend on the
slope of competitors’ supply functions at prices other than p, i.e. D/ depends on
shadow prices of the arcs.

4.1 Delta network

As an example of a meshed network, we consider a delta network as shown in
Figure 3.

Assumption 3. Each line has capacity t and equal impedance. There are N
firms with identical costs C(q) in each node. Inelastic demand in nodes m €
{1,2,3} is given by &,,. Demand shocks are uniformly distributed such that:

{ V%, if € €05

0 otherwise,

fle) =
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where
(61,82,53) € R3| ,0<e1+e94+e3< 3Na,
—2t < g, +e&, < 2Nq+ 2t,
—2t < e, < Nq+ 2t,
Vm € {1,2,3} and ¥/ € {1,2,3}, where { #m

and V3 is the volume of this region.
In Table 3 and Table 4 in Appendix E we present expressions for

O3 =

/ / _D/ Jwapva)P (p7 q, p70-7w) daL(w)de(w)
PU(w) YO L(w

and
Z/ / p7q7p7avw> daL(w)de(w)
PU(w) Y T L(w)

for each of the feasible congestion states of the delta network. Summing over the
congestion states yields:

2 oo, f,,L(w) (D@, P, )P (p,q, p, 0 W) dO )Py
_ 2t(N YQ'(p) [ NQ( p2) +NOQ (p+ pz)]mm[?)p ,3(p—p)]
PR Q) ) Q0 %)
9(3N )i BNV (1) (41)
+2t(N 1)Q (p) [QNQ (p) + NQ (p+13) — NQ (2)]

BP0 (0 200 o ) i
+M(3Q2( ) +2Q° (p) — 2Q () Q (P)) -

and
pr(w) fO'L( ) P pv q,p,0 W) dUL(w de(w

ELNQ( - 5) £ NQ o )]
+9t M % 2NQ (@) + NQ (22) - NQ (p/2)]
(36»22( ) +2Q% (p) —2Q (N Q (D)),

Node 2

Line Line®

Node 1 Lined® Node 3

Figure 3: Delta network example
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which can be used to compute
Zw pr(w) fo’L(w) _D;nn(p7 w, P, O-)P (p7 Q (p) y Py 0-7("}) daL(w)de(w)
Zw pr(w) fC"L(w) P (p7 Q (p) y Py O',UJ) daL(w)de(w)

As we would expect, we note from (41) and (42) that the expected slope of the
residual demand has the following properties:

E[-D,,,(p,w, p,0)| Dy, (p) = Q (p)] = (N = 1) &

when ¢ — 0, so that nodes are nearly isolated, and that

E[_D;‘m(pawap7a)| D’rann (p) = Q(p)} - (3N - 1) Q,

when 7 is large, so that all nodes are nearly completely integrated.
It follows from (40) that symmetric supply function equilibria in the delta
network can be determined from the following implicit relation:

Q) =(@-C(QMP)E[-D,,(p,w,p,0)| D, (n) = Q (»)].

However, solving for supply function equilibria in a delta network becomes com-
plicated as supply functions for semi-integrated nodes are evaluated at different
prices, as shown in (41) and (42). Hence, solutions are given by a system of delay
differential equations rather than a system of ordinary differential equations, which
is the case for radial and single node networks. In addition delay is endogenous
and both negative and positive in the differential equations of the delta network.
Thus non-standard numerical methods would generally be required to solve for
SFE in a delta network. The development of such tools is an interesting research
topic in itself.

5 Conclusions

We derive optimality conditions for supply functions of producers competing in a
network with transport constraints and local demand shocks. We show that the
optimal output of a producer is proportional to its mark-up and the expected slope
of its residual demand curve at every local price of the producer. In principle, a
system of such optimality conditions can be used to numerically calculate asym-
metric supply-function equilibria (SFE) in a general network, including meshed
networks with loop flows.

In the paper, we focus on characterizing symmetric SFE in radial networks
with inelastic demand. We verify that there is a unique symmetric monotonic
solution to the first-order condition and that this solution is an SFE when the joint
probability density of the local demand shocks is sufficiently evenly distributed,
i.e. sufficiently close to a uniform multi-dimensional distribution. But existence
of SFE cannot be taken for granted. Profitable deviations from the first-order
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solution will for example exist for perfectly correlated demand shocks or steep
slopes and discontinuities in the demand shock density.

For symmetric equilibria in radial networks, it is useful to define a market inte-
gration function, which equals the expected number of nodes that are completely
integrated with the node of the producer under study. Firms’ mark-ups depend
on the number of firms in the market. Still it can be shown that in a symmetric
equilibrium, market integration is a function of the total production in a node.
This function can be determined from exogenous parameters: the network topol-
ogy, the demand shock distribution and production and transport capacities. The
implication is that oligopoly producers will have high mark-ups at output levels
for which the (exogenous) market integration function returns small values, and
lower mark-ups at output levels where market integration is expected to be high.

The market integration function simplifies to a constant for symmetric equilib-
ria in radial networks with multi-dimensional uniformly distributed shocks. In this
case, we use our optimality conditions to explicitly solve for symmetric equilibria
in two-node and star networks. We also show that these symmetric equilibria are
well-behaved: (i) mark-ups are positive for a positive output, and (ii) for a given
total production cost, mark-ups decrease with more firms in the market.

In a connected radial network, two nodes are either connected by one uncon-
gested path or by a congested path. Nodes that are connected via an uncongested
path have the same market price and are completely integrated. In a radial net-
work, the slope of the residual demand of a firm is only influenced by supply
function of competitors located in nodes that are completely integrated with the
firm’s node. In this case, supply-function equilibria can be determined from a
system of ordinary differential equations as for single node networks. Meshed
networks are more complicated, because two nodes can be connected by both con-
gested and uncongested paths. Prices in such nodes are generally different, so we
refer to this situation as semi-integration. In meshed networks, the slope of the
residual demand of a firm is partly influenced by supply functions of competitors
located in nodes that are semi-integrated with the firm’s node. This means that
supply-function equilibria are given by a system of delay differential equations,
where delay is endogenous and both negative and positive, and such equations are
harder to solve.

In a previous version of the working paper (Holmberg and Philpott, 2012), we
also show how our optimality conditions can be modified to consider Cournot NE
in networks and SFE in networks with discriminatory pricing.

6 References

Adler, 1., Oren, S.S. and Yao, J. (2008). Modeling and computing two-settlement
oligopolistic equilibrium in a congested electricity network. Operations Research
56 (1), 34 — 47

Anderson, E.J. (2013). On the existence of supply function equilibria. Mathe-
matical Programming B 140(2), 323-349.

Anderson, E.J. and Hu, X. (2008). Finding supply function equilibria with

26



asymmetric firms. Operations Research 56(3), 697-711.

Anderson, E.J., Holmberg, P. and Philpott, A.B. (2013). Mixed strategies in
discriminatory divisible-good auctions. Rand Journal of Economics 44, 1-32.

Anderson, E.J. and Philpott, A.B. (2002a). Optimal offer construction in
electricity markets. Mathematics of Operations Research 27, 82—-100.

Anderson, E.J. and Philpott, A.B. (2002b). Using supply functions for offering
generation into an electricity market. Operations Research 50 (3), 477-489.

Anderson E.J., Philpott, A.B. and Xu, H. (2007). Modelling the effects of
interconnection between electricity markets. Mathematical Methods of Operations
Research 65, 1-26.

Anderson, E.J. and Xu, H. (2002). Necessary and sufficient conditions for
optimal offers in electricity markets. SIAM Journal on Control and Optimization
41, 1212-1228.

Apostol, T.M. (1974). Mathematical Analysis, Reading, MA: Addison-Wesley
Publishing Company.

Baldick, R. and Hogan, W.W. (2002). Capacity constrained supply function
equilibrium models for electricity markets: Stability, non-decreasing constraints,
and function space iterations, POWER Paper PWP-089, University of California
Energy Institute.

Bapat, R.B. (2010). Graphs and Matrices, London: Springer.

Bazaraa, M.S., Jarvis, J.J. and Sherali, H.D. (2009). Linear Programming and
Network Flows, New York: John Wiley and Sons.

Bohn, R., Caramanis, C. and Schweppe, F. C. (1984). Optimal pricing in
electrical networks over space and time. The Rand Journal of Economics 15,
360-376.

Bolle, F. (1992). Supply function equilibria and the danger of tacit collusion.
The case of spot markets for electricity. Energy FEconomics 14, 94-102.

Borenstein, S., Bushnell, J. and Knittel, C. (1999). Market power in electricity
markets, beyond concentration measures. The Energy Journal 20 (4), 65-88.

Borenstein, S., Bushnell, J. and Stoft, S. (2000). The competitive effects of
transmission capacity in a deregulated electricity industry. RAND Journal of
Economics 31(2), 294-325.

Chao, H-P. and Peck, S. (1996). A market mechanism for electric power trans-
mission. Journal of Regulatory Economics 10, 25-59.

Chao, H-P, Peck, S., Oren, S., and Wilson, R. (2000). Flow-Based Trans-
mission Rights and Congestion Management. The Electricity Journal 13(8), pp.
38-58.

Cho, I-K. (2003). Competitive equilibrium in a radial network. The RAND
Journal of Economics 34(3), 438-460.

Downward, A., Zakeri, G. and Philpott, A.B. (2010). On Cournot equilibria
in electricity transmission networks. Operations Research 58 (4), 1194-12009.

Escobar, J. F. and Jofré, A. (2006). Equilibrium analysis for a network mar-
ket model, In Kurdila, A. J., Pardalos, P. and Zabarankin, M.(eds.), Robust
Optimization-Directed Design, New York: Springer, 63-72.

Escobar, J.F. and Jofre, A. (2008). Equilibrium analysis of electricity auctions.

27



Working paper. Department of Economics, Stanford University.

von der Fehr, N-H. M. and Harbord, D. (1993). Spot market competition in
the UK electricity industry. Economic Journal 103 (418), 531-46.

Genc, T. and Reynolds S. (2011). Supply function equilibria with pivotal
electricity suppliers. International Journal of Industrial Organization 29 (4), 432—
442.

Green, R.J. and Newbery, D.M. (1992). Competition in the British electricity
spot market. Journal of Political Economy 100, 929-953.

Hobbs, B.F., Rijkers, F.A.M. and Wals, A.D. (2004). Strategic generation with
conjectured transmission price responses in a mixed transmission pricing system —
Part I: Formulation; Part II: Application. IEEE Transactions on Power Systems
19(2), 707 — 717; 872 — 879.

Hogan, W.W. (1992). Contract networks for electric power transmission. Jour-
nal of Requlatory Economics 4, 211 — 242.

Hogan, W.W. (2000). Flowgate rights and wrongs. John F. Kennedy School
of Government, Harvard University (2000).

Holmberg, P. (2008). Unique supply function equilibrium with capacity con-
straints. Energy Economics 30, 148-172.

Holmberg, P. and Newbery, D.M. (2010). The supply function equilibrium and
its policy implications for wholesale electricity auctions. Utilities Policy 18(4),
209-226.

Holmberg, P. and Lazarczyk, E. (2015). Comparison of congestion manage-
ment techniques: Nodal, zonal and discriminatory pricing. Energy Journal 36,
145-166.

Holmberg, P. and Philpott, A.B. (2012). Supply Function Equilibria in Net-
works with Transport Constraints. IFN Working paper 945, Research Institute of
Industrial Economics, Stockholm.

Hortagsu, A. and Puller, S. (2008). Understanding strategic bidding in multi-
unit auctions: a case study of the Texas electricity spot market. Rand Journal of
Economics 39 (1), 86-114.

Hu, X. and Ralph, D. (2007). Using EPECs to model bilevel games in re-
structured electricity markets with locational prices, Operations Research 55 (5),
809-827

Klemperer, P.D. and Meyer, M.A. (1989). Supply function equilibria in oligopoly
under uncertainty. FEconometrica 57, 1243-1277.

Krishna, K. (1989). Trade Restrictions as Facilitating Practices. Journal of
International Economics 26, 251-270.

Laussel, D. (1992). Strategic Commercial Policy Revisited: A Supply-Function
Equilibrium Model. The American Economic Review 82 (1), 84-99.

Malamud, S. and Rostek, M. (2013). Decentralized Exchange, Working Paper,
Department of Economics, University of Wisconsin-Madison.

Neuhoff, K., Barquin, J., Boots, M.G., Ehrenmann, A., Hobbs, B.F., Rijkers,
F.A.M. and Vazquez, M. (2005). Network-constrained Cournot models of liber-
alized electricity markets: the devil is in the details. Energy Economics 27(3),
495-525.

28



Newbery, D.M. (1998). Competition, contracts, and entry in the electricity
spot market. RAND Journal of Economics 29 (4), 726-749.

Oren, S.S. (1997). Economic Inefficiency of Passive Transmission Rights in
Congested Electricity Systems with Competitive Generation, Energy Journal 18
(1), 63-83.

Pehlivan, A. and Vuong, Q. (2013). Supply Function Competition and Ex-
porters: Nonparametric Identification and Estimation of Productivity Distribu-
tions and Marginal Costs. Working Paper.

Ravindra A., Magnanti, T. and Orlin, J. (1993). Network Flows: Theory,
Algorithms and Applications. Prentice Hall, Englewood Cliffs, NJ.

Rudkevich, A., Duckworth, M. and Rosen, R. (1998). Modelling electricity
pricing in a deregulated generation industry: the potential for oligopoly pricing in
poolco. The Energy Journal 19 (3), 19-48.

Sioshansi, R. and Oren, S.S. (2007). How good are supply function equilib-
rium models: an empirical analysis of the ERCOT balancing market. Journal of
Regulatory Economics 31 (1), 1-35.

Strang, G. (1986). Introduction to Applied Mathematics. Wellesley, MA:
Wellesley-Cambridge Press.

Vives, X. (2011). Strategic supply function competition with private informa-
tion. Econometrica 79(6), 1919-1966.

Wei, J-Y. and Smeers, Y. (1999). Spatial oligopolistic electricity models with
Cournot generators and regulated transmission prices. Operations Research 47
(1), 102-112.

Willems, B. (2002). Modeling Cournot competition in an electricity market
with transmission constraints. The Energy Journal 23(3), 95-126.

Wilson, R. (2008). Supply function equilibrium in a constrained transmission
system. Operations Research 56, 369-382.

Wilson, R. (1979). Auctions of shares. Quarterly Journal of Economics 93,
675-689.

Wolak, F. A. (2003). Measuring unilateral market power in wholesale electric-
ity markets: the California market, 1998-2000. American Economic Review 93,
425-430.

Wolak, F.A. (2007). Quantifying the Supply-Side Benefits from Forward Con-
tracting in Wholesale Electricity Markets. Journal of Applied Econometrics 22,
1179-1209.

Xu, L. and Baldick, R. (2007). Transmission-constrained residual demand
derivative in electricity markets. IEEE Transactions on Power Systems 22 (4),
1563-1573.

Appendix A: Radial networks

6.1 Market clearing

Proof. (Lemma 1) For each congestion state w, it is convenient to partition the
rows of H into (Hp(.), Hp(), Hy()) corresponding arcs where flows are at their
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lower bounds, strictly between their bounds, and at their upper bounds. Consider
a node ¢ that is connected to node m through an uncongested chain of arcs for
congestion state w. In a radial network this is the unique path between node ¢
and node m. Thus, if a commodity is injected at node ¢ and consumed at node

m, then no flow is going to pass through a congested arc. Thus ((HL(w))T)E and

((HU(W))T> , are either empty or zero row vectors, and consequently it follows from

(5) that p, = p. Flows from the rest of the network to the completely integrated
area with price p are fixed on margin by congested arcs. Let tNE(w) be the net flow
(through congested lines) into the integrated area with nodes in = (w). Thus as a
consequence of the argument above, we have

q= Dy, (p) = Z e0+ tagw) — Z Se(p) = Sm,—n (P) 5 (43)

1€ (w) LeE(w)\{m}

for e € E(p,q,w). (6) now follows from differentiation of the above. m
Supply functions are assumed to be continuously differentiable, so we note that
D, (p,w) is continuous for € such that the congestion state is w.

Optimality conditions

We make use of Anderson and Philpott’s (2002a) market distribution function
when deriving the optimality condition in Proposition 1. The market distribution
function of a firm for a point (p,q) is given by the probability that the realized
residual demand of the firm is lower than ¢ at price p.

Definition 3 The market distribution function for firm n at location m is

Von(, @) = Pr(D;,,,(p) < @) = Pr(Uy<oE(p,q +n)).

1 —,,.(p, q) is equivalent to Wilson’s “probability distribution of the sale price”
in auctions of shares (Wilson, 1979). We find it useful to define the market distri-
bution function conditional on a congestion state w:

Y (D, ¢, w) = Pr(Uy«oE(p, ¢ + n,w)),

SO

|:8¢mn(pa%w>:| — lim Pr(UOSnquE(ﬁan + naw)). (44)
0q ) M0 dq

‘We show below how this derivative can be constructed for radial networks. Observe
that (8) and (44) gives

. OV, (P, @, W
Pmn(p7 q, w) = [% . (45)
(»,9)
8wm%(p,q7w)]
Lemma 6 —[wmn;,qw)](ﬁ"” =—-D! . (p,w).
9q (5,9)
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Proof. Consider a particular state w. For this state, we have from (43) that
ZKE(W) ¢ is simply an additive demand shock that shifts the residual demand
curve horizontally. Thus for a given additive shock & corresponding to congestion
state w, ¥,,,(p, DE,..(p),w) = g(e) along such a curve for some function g. We
know from Lemma 1 that the slope D! (p,w) of the residual demand curve at p, is
the same for all demand shocks that result in the state w. Implicit differentiation

of ¥,..(p, D, (p),w) = g(&) with respect to p gives

{3¢mn(p7q,w)} N {3¢mn(p,q,w)} D (pw) =0
9p (,d) dq (5,d)

from which the result follows. =

[ad)méfl(PJI)]
A A D PN
Lemma 7 § D! (p,w) mn((y | p,4) = — [awmn(p,q) ()

9q ]w)

Proof. First using (9) we have

Z Pmn(p7Qa )Dmn(p7 )

ZDmn preo)Fnnles | £:0) = > Prn(D, G, w)

Thus (45) and Lemma 6 gives
ZDmn p,w)Pan(w | 5,9)
[fwmn(pqw ]
> [awmn< )]
> [wm%(lz)zq,w)

B O (P12,
. [

(B,9)

] (0.) (46)
] (5:9)

Now since E(p,q,w;) and E(p,q,ws) are disjoint when w; # ws for considered
(non-negligible) demand shock outcomes, we have

3 |:a¢mn(pa q,w)l _ lim Pr(Uo<p<a E(D, 4 + 1, w))
w 9q ($,9) o a0 dg
— m Pr(Uo<n<iqE(D, G+ 1))
dg—0 dq
{%mn(p, Q)}
90l

and similarly

OV, (P, 4, W) 0%, (0, 9)
Z { dp Lﬁ,g) a [ Ip LMV

w
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which yields the result when substituted in (46). =
Proof. (Proposition 1) As shown by Anderson and Philpott (2002a) a
monotonic increasing supply function @,,,(p) is globally optimal if it satisfies:

Z(p.q) =0 if < Qua(p)
Z(p,q) =0 if g= Qun(p)
Z(p,q) <0 if ¢ > Qun(p).
where o0 o
Z — . / mn mn.
(r,q) = (p— Cn(q)) T
If % > 0 then we have from Lemma 7 and Definition 1 that
- aw
Z(p,q) = Z(p,q))—=mn
(p, q) (p.q)/ 5 q
= Z ~D,,,,(p.w))P(w | p,q) — q
= (p— Cl(@) ( o D )
Since
~ > >
Z(p,gy = ¢0 <= Z(p,q)q = ;0
< <

we have that a supply function Q,,,(p) is globally optimal if it satisfies

Zyn (p,q) 20 if ¢ < Qun(p)
Zmn <p7 Q) =0 if q= an(p)
Zan (p,q) <0 if ¢ > Qun(p).

as required. m
The first-order condition implied by Z,., (p,q) = 0 and (11) can be simplified
for symmetric equilibria.

Proof. (Lemma 2) We first substitute ¢ = Q (p), Se(p) = NQ (p) and

Sm.—n (p) = (N —1)Q (p) into (11), and then use the first-order condition Z,,, (p, q) =

0.
Q=p-C@Q)> |(N-1)Q+ > NQ|Pu(wp.Q).
¥ te=(@)\{m}
We have 3 P (wlp,q) = 1, M2y = 3 ez =) 1 and by definition m € = (w),

so it follows from Definition 2 that Z > tes(n\m} Pmn (WP, @) = iy (P, Q) — 1.
Thus

Q=(p—C(Q)((N=1)Q + (kny (p,Q) = 1) NQ'),
which gives

Q= (p—C"(Q)) (fhynn (7, Q (p)) N = 1) Q.
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@ (p) is the same for all firms, which is only possible if x,,,, (p, @ (p)) is the same
for all firms. m

Proof. (Lemma 3) Consider a situation where the number of firms per node
changes from N to some arbitrary number N and where all firms change their offers
from @ (p) to some arbitrary monotonic supply function @ (p). Such a change
would typically change nodal prices. But for a given realized vector of demand
shocks &, we conjecture that changing N in each node and @ (p) for each firm
will not change cleared nodal production and network flows. We prove that the
conjecture is correct by verifying that it satisfies the market-clearing conditions
in (3) for any vector of shock outcomes. First we note that conjectured nodal
output and flows will satisfy (2). Next, the new (conjectured) nodal price p, for a
node ¢ can be calculated for each shock outcome from the old nodal price p, and
the conjecture that NQ (ps) = NQ (p¢). New supply functions are monotonic and
identical in each node and it has been conjectured that nodal output is unchanged.
Thus for a given shock outcome, new prices p are such that

Dm > pe if and only if p,,, > py. (47)

New shadow prices can be calculated for each arc from the first market-clearing
condition in (3) by calculating price differences between nodes that are connected
by the arc. It follows from (47) that the new shadow prices will have the same sign
as the old shadow prices. Thus the new shadow prices will satisfy the complemen-
tary slackness conditions in (3), because flows are the same and the old shadow
prices satisfied those conditions, which verify our conjecture. The argument is true
for any vector of local demand shocks. Thus Py, (pe, @ (pe) ,w) for old offers is
identical to Pj,(py, @ (pe) ,w) for new offers, where ]V@ (pe) = NQ (pe). It follows
for symmetric supply functions that Py, for a congestion state w can be determined
from the nodal output N@Q (p;). Symmetry of supply functions and the network
implies that Py, (pe, @ (pe) ,w) is the same for each firm and node. Hence, there is
a function P(NQ (py) ,w), such that Py, (pe, Q (pe) ,w) = P(NQ (p¢) ,w) for any N
and @ (p). (17) now follows from (9) and Definition 2. m

Computing P (p,q,w)

In the calculation of P (p,q,w) for each congestion state w, we find it useful to
denote by L(w), B(w), and U(w) the sets of arcs where flows are at their lower
bound (i.e. congested in the negative direction), between their bounds or at their
upper bound, respectively. Hence, the complementary slackness conditions, i.e.
the second and third set of conditions in (3), can be equivalently written as follows:

tszk, or=0, p,>0, ]{IEU(W),
ty € (<tr,ty) 0, =0, p,=0, ke Bw),
ty = —fk, o, > 0, P = 0, k e L(Ld)

Observe that given a congestion state w and arc k, there is exactly one variable
tr, p. or o that is not at a bound.
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We partition t and the shadow prices o and p into (t., tg, ty), (o1, 05, Oy)
and (07, Op, py) corresponding to flows at their lower bounds, strictly between
their bounds, and at their upper bounds. Below we define the volume 7 (B(w))
in t space that the flows in the set of uncongested arcs B(w) can span. U(U(w))
and L(L(w)) are the volumes in o and p space spanned by the shadow prices of
congested arcs in the sets U(w) and L(w), respectively. Note that these volumes
are all open sets, as we neglect outcomes at the boundary between two congestion
states. B _

T(B(w)) = {tB(w): — tB(w) < tB(w) < tB(w)}7
U(U<w)> = {pU(w) 10< pU(w)}a (48)
ﬁ(L(w)) = {U'L(w) 0 < O'L(w)}-

In particular we are interested in S(w) C R¥, which we define by
S(w) = L(L(w)) x U(U(w)) x T(B(w))- (49)

Hence, S(w) is the total volume in t, o and p space that is spanned for a congestion
state w.

We introduce additional notation in order to analyse the radial network in
detail. For each state w, we partition the nodes into the sets = (w) and F (w).
= (w) includes all nodes that are connected to node m (the trading hub) through
some uncongested chain of arcs. Mz(,) is the number of nodes in = (w) and we
note that they must be connected by Mz, — 1 uncongested arcs. The set f (w)
contains all other nodes in the network. Similarly we partition the shock vector
into €z(.) and g, (,,). Let k (w) be the set of uncongested arcs that connect nodes in
E (w). Other arcs are in the set ¥ (w). We let t,,,) be the flows in the uncongested
arcs between nodes in the set = (w) and we let ty(,) be the vector of flows in the
other arcs. The node-arc incidence matrix A, describes the subtree with nodes
in Z (w) that are connected by arcs in x (w). We let A\ () be a node-arc incidence
matrix with M — Mz, rows and M — Mz, columns, describing the rest of the
network.'®

Lemma 8
P (D, ¢, 0) = S(f )f (At +5s(p(p, p,0),9) J(w)dtpwdpyydorw),  (50)
where
s_m (P(p,p,0),q) = s_m (P, p o))
Sm (PP P, 0),q) = q+ Sm—n(p)
and

Oer (w)

J(w) = :
a( (tﬁ(w)) B(w) 5 pU(w)7 O-L(w))

(51)

18Note that the remainder of the network has at least one arc that is lacking its start or end
node. Also the remainder of the network is not necessarily connected.
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Proof. As defined by (8), P, (p,q,w)dq is the probability that firm n in
node m sells between ¢ and ¢ + dg units at price p and that the system is in
congestion state w. The calculation of P,,, (p, ¢, w) involves determining a market
outcome for every realization of the vector €, and then integrating the multivariate
density function f over the volume in e-space that corresponds to events where
firm n in node m sells ¢ units at price p and that the system is in congestion state
w. In the general case this volume is complicated. Similar to Wilson (2008), we
avoid this by transforming the problem into one where we instead integrate over
the flows and shadow prices that arise in each congestion state. Thus we want
to transform the volume in e—space into a corresponding volume in t, o and p
space for variables that are not at a bound. To make this substitution of variables
when computing the multi-dimensional integral, we need the following factor to
represent the change in measure Apostol (1974).

Oe
Jy(w) = , 52
V( ) a(tB(w)v pU(w)7 UL(w)u 55) ( )

the absolute value of the determinant of the Jacobian matrix representing the
change of variables. The node ¢ can be chosen freely, but in the following we will
choose it such that £ = m. It can be shown from the identity e = At + s(p) that:

365(@ 855(w) aEE(w)
Oe
(98 a(tN(UJ)) 8<(t19(W)>B(w)7pU(w)’UL(w)) "
= 9e; (w) der 981 (w)
9 (tB(w), PU(w)> O L(w) Em) (trw)) oem
! o (t0) oy P01 710
- Fez(w)
AA(w) 0 dem
_ 0 aEr 8gf (w) (53)
877L
L 8(("19(@) B(w)’pU(“’)’UL(“)>
Let
Arw) v
B — 0 Og; . (54)
a((tﬂ(w)) B(M)WU(“’)’GL(“))
Oe

We can expand the determinant in (53) along its Mth column

(tB(w) WPU (w) 19 L(w) 762)

ez (w)

[ agf% , which has a one in row m and zeros in the other rows, so it follows
Ocm

from the definition of the determinant that:

Jolw) = (=)™ det (B,,)| = Idet (B,
= |(Asw) | )

because B_,, is a block matrix with determinant ‘(AA(W))_m‘ J(w). Apw is a

node-arc incidence matrix of a connected radial network. Thus it follows from
Bapat (2010, p. 13) that ‘det (AA(W)) is 1, which gives the stated result. m

J(w) can be calculated as follows.

—m
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Oer ()

8((%@)B(wypvwaum
state w from the following results for nodes ¢ € F (w):

Lemma 9 The Jacobian matrix

) can be constructed for the

Oe ,

™ £ = =Sy (pe) Hyy for k € U (w)
Pk

Oe ,

8_6 = Sy (pe) Hye for k € L (w)
Ok

9t A, fork e B(w).

Oty

Proof. We partition the columns of A, into (A\A(“’))L(w)’ (A\A("J))B(w)
and (A\A(W))U(w)’ corresponding to flows ty being at their lower bounds, strictly

between their bounds, and at their upper bounds. Thus the flow balance in (2)
can be written as follows

(A\A)B (ty)p + (A\A)U <t19)U + (A\A)L (ts), +sr (P) =€r. (55)

Observe that (5) implies that

S_Z _ g_Zg_Z S (p) Hy for £ € I () and k € U (w)
and Ogg  Osgp Opy
B0, = psDor =S, (po)Hg for £ € F (w) and k € L (w).
Moreover,
g—Z:AM for ¢ € F (w) and k € B (w),

which gives the result. m

Appendix B: Proofs for the two-node network

Proof. (Lemma 4). Below we list the congestion states of the network and how
we partition the nodes for each state:

State t p o = F(w)
w1 € (—f, E) O 0 {1, 2} @
wo t € (0,00) 0 {1} {2}
w3 —t 0 € (0,00) {1} {2}

We have from (2) that
1 S1(p1) —1
B R o
—_———  ~—



and from (4) that
H=—-(A,) '=-1 (57)

Thus it follows from (5) that
p2=p+p—o. (58)

The network is completely integrated in state wy, so €/ () is empty. We only need
the substitution factor J(w) for states wy and ws. It follows from Lemma 9, (51)

and (57) that
= 55 (p2) = Sy (p+p)
= |=55 (p2)l = S3(p—0).

(50) and (56) now yields:

t

Pnan) = [ FAtrsa)di= [+ S0 =15 0)+ 0

OOP P qyw2) = [o° f (At+s(p,q)) J(w2)dp
=Jo fla+S1n(p) -t Sz(p+p)+f)sé(p+p)dp
and
OOP p.qws) = [;° f(At+s (p,q)) J(ws)do
= Jy fla+ S (p >+t52( o) — 1) S (p — o) do.

This gives us (19) after the substitutions e; = Sy (p + p)+t and e; = Sy (p — o) —t,
respectively, have been applied to the integrals of the states ws and w3. The equa-
tion (18) follows from (11) and that the two nodes are only completely integrated
in state w;. =

Proof. (Proposition 2). Symmetry of the network, costs and shock densities
ensure that the optimal supply functions of all producers are given by identical
optimality conditions. We have Sy (p) = ¢ + 51, (p) = NQ (p) in a symmetric
equilibrium with inelastic demand, so (22) follows from (19). The differential
equation in the statement follows from Lemma 2 and Lemma 3. In case that
production capacity would bind at some price p, < p then Q(p) is inelastic in the
range (pp, p), and it follows from (18) that Z (p,q) < 0 when ¢ € (0,q) and p €
(py, D). This would violate the second-order condition in (13), and it is necessary
that this condition is locally satisfied (Anderson and Philpott, 2002a). Thus the
production capacity must bind at the reservation price, which gives our initial
condition.

Next we show that the symmetric solution is unique. It follows from the
assumptions for f (e1,&;), our definition of P (NQ,w) and from (21) that

1
— > 0,
(NE(NQ) —1)
and that m is Lipschitz continuous in @). Consider a price p € (C'(0),p).

We now want to show that p — C’(Q (p)) is bounded away from zero in the range
[p,p]. This is obvious for constant marginal costs, as we then have that p —
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C"(Q(p)) =p—C"(0) > 0. For strictly increasing marginal costs we can use the
following argument. It follows from Picard-Lindelof’s theorem and p > C’(g) that
a unique solution to (20) must exist for some range [pg,p|. In this price range
the mark-up, p — C"(Q (p)), is smallest at some price p* where the inverse supply
function is at least as steep as the marginal cost curve, i.e. Q'(p*) < m.

Thus it follows from (20) that
7= Q) > Rirans s

This is bounded away from zero whenever Q(p*) is bounded away from zero if
marginal costs are strictly increasing. In case Q(p*) = 0 for some price p* > C’ (0),
it follows from (20) that Q'(p) = 0 for p € (p,p*). Thus it follows from Picard-
Lindelsf’s theorem and the properties of (20) that a unique monotonic symmetric
solution will exist for the price interval [p, p]. We can repeat the argument for any
p € (C"(0),p) to show that a unique monotonic symmetric solution will exist for
the price interval (C' (0),p].

We now verify the global second-order conditions. To simplify notation let

B(pa Q> = (2N - 1) P (p7Q7wl) + (N - 1) P(p>Q7W2) + (N - 1) P(p, Q>w3) : (59)
We also use (7), so that:
P(p,q) = P (p,q,w1) + P(p,¢,w2) + P (p, q,ws) - (60)

We have from (9) and (18) that

(p—C"(q))B(p,0)Q" (p)

2D = )

—q
We also have C” > 0 and Q'(p) > 0, so

7, < W= C@BQP - CW)SQE, _
- (P(p,q))

In particular, whenever Z (p, q) = 0, we have

< qPB,— P —qBF,
< 5P .

1.

Zq

We know from (13) that the solution is an equilibrium if Z (p,q) > 0 when ¢ <
Q (p) and Z (p,q) < 0 when ¢ > @ (p). This follows if Z, (p,q) < 0 whenever
Z (p,q) = 0. To verify this sufficiency condition, it suffices to show that

B(p,q)P(p,q) + aB(p, ) Py(p,a) — qP(p,q)B,4(p,q) = 0. (61)

To show this observe that the assumption

2N§|fm (51752)‘ < (3N - Q)f(€1752)
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implies from (19) that
Lo

: aqf (q+S1,-n(p) —t,S2(p)+t)dt

INGIP, (prqn)| = 2Ng /

t
)
< 2Ng /a—qf(q+81,_n (p) —t,52(p) +1t)dt
t

< [ 2Nalfila+ S )~ S )+ 0] di

—t

< (3N—2)/_t_f(q+SLn(p)—t,52(29)+t)dt
= (BN —=2)P(p,q,w1).

Similarly 2N¢q |P, (p, ¢, w3)| < (3N —2) P (p, q,ws) and 2Nq | P, (p,q,w2)| < (BN — 2) P (p, ¢, w2).
It follows from (60) and (59) that

aB(p, ) Py(p,q) — qP(p,q)B,(p; q)
= gN (P (p,q,w1) (Py(p,q,w2) + P, (p,q,ws)) — aN Py (p, q,w1) (P(p,q,w2) + P (p,q,ws)))
> —(BN =2)P(p,q,w1) (P(p,q,w2) + P (p,q,w3)).

It can be deduced from (60) and (59) that
B(pa Q)P(pa Q> 2 (3N - Q)P (p7 q, wl) (P(p, Q7w2) + P (p7 qaw3))'

Thus (61) is satisfied, which is sufficient for an equilibrium. m
Proof. (Proposition 3) It follows from the definitions of P (p, ¢,w1), P (p, ¢, w2)
and P (p,q,ws3) in (19) that under Assumption 1 we get:

t I )
P(p,q,w1) = [fla+Sin(p)—t,Sa(p)+t)dt = [{F=F

—t —t

s _ Ng+t _
P(pgws)= [ [(a+8n(p)—fe)dey= [ % =NE80 (g
SQ(p)+f 52(p)+{
Sa2(p)—t B 52(p)—t_d Sa(o)
Pp.gws)= [ fla+Sn()+he)dn= [ %=50
“% 7.

(23) now follows from (21). For constant x, we note the similarities between (15)

and the first-order condition for single-node networks with N symmetric firms
(Klemperer and Meyer, 1989).

Q=(p-C@)(N-1)q. (63)

By comparing (15) and (63) we can conclude that the first-order solution of a firm
in a symmetric two-node network with /N firms per node is the same as for a firm in
an isolated node with inelastic demand and p/N symmetric firms. Thus analytical
solutions to (63), derived by Anderson and Philpott (2002b) and Rudkevich et al.
(1998), are also solutions to (15) when N = uN, which gives us (24). We also
know that such solutions are monotonic (Holmberg, 2008). It follows from our
assumptions and Proposition 2 that this is a supply-function equilibrium. m
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Appendix C: Proof for star network

Proof. (Proposition 4) Local net-imports must equal net-demand in every
node, so
&1 S1(m

(p1) 1
t1(p)
€9 SQ (pg) 0 —1 0
= t . 64
€3 Ss(ps) | 7] 0 0 -1 tQEpg (64
&4 R S4 (p4) R 1 1 1 5 3 \P
s?r) X ‘

We derive the optimal supply function for a producer in node 1, so we choose this
node to be the slack node and trading hub. Thus

0 -1 O
A,=|0 0 -1 (65)
1 1 1
and we have from (4) that
-1 -1 -1
H=—(A_)"'=| 1 0 0 [, (66)
0 1 0
so it follows from (5) that
1 1 -1 0
pi=p|1|+|1 0 —-1/|(p—0). (67)
1 1 0 O

Each arc k£ has three states. In the uncongested state we have o), = 0, p;, = 0 and
tr € (—t,t). When the arc is congested towards node 4 we have t;, = t, o, = 0, and
pr > 0 and when the arc is congested away from node 4 we have t, = —t, o}, > 0,
and p, = 0. Altogether there are 3 x 3 x 3 = 27 congestion states. In Appendix
C.1, we use (50) to calculate P (p,q,w) for one state w at a time. The results are
summarized in Table 1. Each competitor is assumed to submit a symmetric offer
Q (p), so Sz (p) = S3(p) = S (p) := NQ (p). Adding the results in Table 1 yields:

6tS? (p) 16t%S (p) 83
P = -
%: (p. q,w) A a2 (68)

Node 1 is completely integrated with either node 2 or 3 in states wys, wi7, wWag,
wor and completely integrated with both nodes in state wig. In the other states
node 1 is either isolated or only completely integrated with node 4, which does
not have any producers and where demand is inelastic. We have

P (p7 q, w15) + P (p7 Q7w17) + P (p7 q, w26) + P (p7 q7w27) + 2P (p7 q7w18)
__ 4S(p) | 4B(S(®)-S(p) | 42S(p) | 42(S@-Sp) , 168 _ 82S(p)+161°
o \% + \% + \% + \% + Vo \% ’

2 2 2 2 2 2

(69)
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Table 1: The 27 congestion states of the star network.

State  t1(w) to(w) t3(w) P (p,q,w)
w1 t t t 0
wWo E E —% 0
— — _ T Q2(5)_q2
w3 t t e(-11) i(s? (p)V2S ()
Wyq t —t —t 0
wWs 7 _7 e (—1,1) Z(5(15)‘;25(10))2
we i e(-ii) e(-ii) @S0
Wy —7 f 7 0
ws —t t —t 0
Wo —t t € (—t,1) ts‘i%
W1o —t —t —t 0
w7 P e () BResp-se)
W12 —t € (—t,1) € (-7 StQ%(p)
wis € (—1,1) i 7 270)
wiy € (=1,1) 7 -7 2¥S(p)(5‘93)—5(p))
’ V2
wis € (—Z, f) t € (—Z, f) %‘i@)
wig € (—1,1) —t —t —QZ(S@‘;S(?)F
wir € (—f f) —t € (—f f) —452(5(@275@))
o o o £
wis € (=1,1) € (=41 € (-1 s
w19 t —t t 0
wo T e(-Rp 7 D0
w1 t € (—_f, ) —t —t(s(@;f(p)f
W22 —t —t t 0
W23 —t e (—-t,1) t ts‘i#
ot F o e(RD) F Bwesh-se)
v € (5T -7 z st@)(sv%)_S(p))
wa € (—1,1) € (—1,17) t ‘RZV%@)
wrr € (L1 e(-11) -1 LE@-Se)
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and

P (wis|p, q) + P (wi7]p, q) + P (waslp, q) + p (warlp, @) + 2P (wis|p, q)
_ P(pagwis)+ P(p.qwin) + P(p.qwas) + P(p.qwar) 12P(pgwis) _ AIS(P)+8P (70)
- > P(p.gw) = 352(p)+8to(p) 1A

This gives (33), because S (p) := Ng, and
p=1+P(wislp,q) + P (wirlp,q) + P (waslp, q) + P (wrlp, q) + 2P (wis[p, ) -

It follows from (11), (68) and (69) that

Z (p,q)
200 = 5 ) sis () + 47
Vo
where
Z2(p.a) = (0= C'(a)) (81, (p) (L5 4 W50 . SESPIR g1 () )
—q3 [35* (p) + 85 (p) + 4¢7].
We note that 825()2 2 — aZgZ’Q) < 0, so if we find a monotonic stationary solution,

then it is an equilibrium. The explicit equilibrium expression and monotonicity of
this solution can be established as in the proof of Proposition 3. m

Appendix C.1: Calculations for congestion states
in star network

Viewing the network from node 1 we realize that it is symmetric with respect to
nodes 2 and 3, and it is sufficient to make these calculations for the first eighteen
states. Results for the last nine states follow from symmetry of the problem.

State w;

State f1(w) fa(w) t3(w) L(w) Bw) Uw) Ew) Flw

)
w1 t t t @ o {1,2,3} {1} {2,3,4}
In this state we have from (66) and Lemma 9 that

Sy (p2) —53 (p2) 0
= |det | Sz(ps) O —=Si(ps) ||=0,
a( (tw(w)> By PU@ TL) Si(pa) 0 0

O&; (u
J(wr) = av

because S} (ps) = 0. Now, we have from (50) that

P<p7 q7w1) =0.
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State w,

State t1(w) fta(w) t3(w) L(w) Bw) U(w) E(w) F(w)
wWo t t -t {3} o {1,2} {1} {2,3,4}
With similar calculations as for state w;, one gets

P(p7 Q7w2) = 0.

State ws

State f1(w) f2(w) H3(w)  Lw) Bw) Uw) Ew) F(w)
w3 t t e(-t,t) o {3} {12} {1} {2,3,4}

In this state we have from (66), (65) and Lemma 9 that:

0 Sy() 5} (p2)
T(ws) = e - detll Si(ps) 0
X b0) o010 710 A
= Si(ps) S5 (p2),

because S} (ps) = 0. Now, we have from (50) that

p+pq
P(p.gws) — / / / £ (At +5 (D0, . 0))) S, (93) S, (2) dbadpadpy
= P2 t3=—t

D+p1

= S’ (p+p1)/ Sy (p+ p1 — pa) dpodpy

‘/2 p1=0 p2=0
29 [PP ,
VA Sy (p+p1) Sz (p+ p1) dpy
2Jp=0

£(S*(p) — 5% (p)
v :

where we have used that Sy (p) = S5 (p) = S(p).

State wy
State t1(w) f2(w) t3(w) L(w) Bw) Uw) E(w) F(w)
Wy t -t -t {2,3} o {1} {1} {2,3,4}

With similar calculations as for state w;, one gets

P<p7 Q7w4) =0.
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State ws

State f1(w) fa(w) H3(w) Lw) Bw) Uw) Ew) F(w)
W t -t e (-t,t) {2} {3y {1} {1} {2,3,4}

In this state we have from (66), (65) and Lemma 9 that:

{ 0 S5 (pa) Sé(pa)]
= |det | —1 5% (ps3) 0

1 Si(pa) 0

Oe ()
(b)), PU) T
( @) ) g PU(w): O Lw))
= Sy (p2) S3(ps),
because S} (ps) = 0. Now, we have from (50) that

Pp.g.e5) = L/“ OL/W A 000,01 8 02) S () oy

J(ws) =

P—DP—p1
= V 5’ (p+p1)/ Sy (p+ py + 02) dogdp,
2 Jp;=0 o2=0
2% p—p ,
= 7 S (p+py) [S2(p) — S2(p+ p1)ldpy
2 p1=0

_ v[25( p)Sp+p) =S p+p)]p "
t(S (@) —S ()
7 :

where we have used that Sy (p) = S3 (p) = S(p).

State wg

State t1(w)  f2(w) t3(w) Lw) Bw) Uw) Ew) F(w)
W t e(-tt) e(-tt) o {23} {1} {1} {2,3,4}

In this state we have from (66), (65) and Lemma 9 that:

-1 0 5(p)
det[ 0 -1 Sé(pg)”

1 1 Sfx (p4)

J(ws) = Oer @ _
a( (tﬁ(w)> Bw) s PU(w)> O-L(w))

= 55 (p2) + 55 (p3)
because S} (ps) = 0. Now, we have from (50) that

P (p, g 5) / / / £ (At 45 (p(p, p. ) (S, (p2) + S, (pa) diadtsdp,
pl—O ts=—t Jta=—1

_ 25 +p,)d
v2 - (p+ p1)dp,

8% (S (p )—5(p))
v ,
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where we have used that Sy (p) = S5 (p) = S(p).

State wr;

State t1(w) f2(w) t3(w) L(w) Bw) Uw) E(w) F(w)
wr —t t t {1} o {2,3} {1} {2,3,4}

With similar calculations as for state w;, one gets

P(p7Q>w7):O'
State wg
State #1(w) f2(w) #3(w) L(w) Bw) Uw) Ew) F(w)
ws —t t -t {1,3} o {2} {1} {2,3,4}

With similar calculations as for state w;, one gets
P (p7 q>w8) = 0.

State wyq

State t1(w) f2(w) t3(w) L(w) Bw) Uw) E(w) F(w)
wy  —t t e(—tt) {1y {3} {2} {1} {2,3.4}

In this state we have from (66), (65) and Lemma 9 that:

0 —S5(p2) —55(p2)
a w 2 2
J(wy) = Al = |det [ -1 0 —S5(ps)
a(<t19(w)> By PUE OLw)) 1 0 —54 (p4)
= Sé (Ps) Sé (p2),

because S} (ps) = 0. Now, we have from (50) that

D p—o1  pt
P (p,q.ws) — / / / (At +5(p(p, . 0))) S} (ps) b (p2) dtsdpydo
01=0 J py=0 t3=—t
2% p p

=0

= 2 si-o0 [ Si0-01-p)dosdos
2 0'1=0 p2

P
_ —/ 25" (p— 00) S (p — o) do
o1=0

where we have used that Sy (p) = S3 (p) = S(p).
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State W10

State t1(w) fa(w) t3(w) L(w
t t t 1

) Bw) Uw) Ew) F(w)
w10 —1 —t —t { ’273}

@w %) H{l} {2,3,4}

With similar calculations as for state wy, one gets
P (p7 q, wlO) = 0.

State wq;

State #1(w) fa(w) H(w) Lw) Bw) Uw) Ew) F(w)
wn  —t -t e(=t) {1,2} {3} @ {1} {2,3,4}

In this state we have from (66), (65) and Lemma 9 that:

0 —S5(p2) Sh(p2)
J(wi) = 01 (v = det!—l —S5(ps) 0
3((tﬂ(w>>3(w),PU(w)’UL(m) 1 —=Si(pd) O
= S5 (p2) S5 (p3),

because S} (p4) = 0. Now, we have from (50) that

D p—pto1 pt
f%%m)—/ / /ﬂm+mm%wmmma%mww@
o1=0Jo tg=—t
2t [P

2=0
n p—pto1
= v Sé(p—0'1>/ Sé(p—O'l‘i‘Ug)dUQdO'l
2 Jo1=0 02=0
2t (P, _
= A S'(p—o1) (S(P) = S(p—01))dos
2 Jo1=0
_IeS(H)S () - 5 ()
‘/2 ’

where we have used that Sy (p) = S3 (p) = S(p).

State W12

State f1(w)  f2(w) t3w)  Lw) Bw) Uw) Ew) F(w)
wip  —t e (=4t e(-t,1) {1} {2,3} @ {1} {2

In this state we have from (66), (65) and Lemma 9 that:

-1 0 —=55(p2)
det|: 0 -1 Sg(pg)]

11 =55(pa)

OEf (u
J(Cde) = ) =

a( (tﬁ(w)> Bw) ) pU(w)v UL(OJ)>
= Si/‘a (p3) + Sé (p2) )
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because S} (p4) = 0. Now, we have from (50) that

P(p,q,wi2) = / o/t t/t ' f (At +s(p(p, p,))) (S5 (p3) + S5 (p2)) dtsdtado

= 25" (p — d
V2 o ( 01) 01

8%°S (p)
‘/2 )

where we have used that Sy (p) = S5 (p) = S(p).

State W13

State  f1(w)  fa(w) f(w) Lw) Bw) Uw) Ew) F(w)
wiy € (=t,1) t g {1} {2,3} {1,4} {2,3}

In this state we have from (66), (65) and Lemma 9 that:

O€r (w -S!
J(w13) = S w) = ’det [ 520(]72) _S/O( ) ”
a(<tﬂ(w)>3(w)  PU() T L(w)) 3 s
= Sé (Pz) Si,*; (p3) .

Now, we have from (50) that

P (p, g, w15) / / / F (At + 5 (p(p. p. ) S (p2) S} (ps) dtrdpydp,
Pz—o p3=0 Jt1=—1

= v S’ (p— P2)dpz/ S5 (p — p3) dps
2 Jpy= p3=0

2t52 (p) _215% (p)
|7
where we have used that Sy (p) = S3 (p) = S(p).

State w4
State  ti(w)  f2(w) t3(w) L(w) B(w) U(w) E(w) F(w)
wa €(-tf) t -t {30 {1} {2} {14} {2.3}

In this state we have from (66), (65) and Lemma 9 that:

de; (. s
J(wia) = a0 = |det { SQO(pz) S/(() ) ”
a((tww))B(m PUW): T L) 3
= 85 (p2) S5 (ps).
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Now, we have from (50) that

P(p,q,w14) = / / / At+S (Z%Pa )))Sé(m)sé(ps,)dhd(fsd%
p2—0 03=0 Jt1=—1

- Sy (p — pa) dpy / S, (p + o) do

‘/2 po=0 o3=0

2tS (p) (S (B) — S (p))
7 :

where we have used that Sy (p) = S5 (p) = S(p).

State w;s

State  f1(w)  fa(w) f3(w) Lw) Bw) Uw) Ew) F(w)
wis € (=tt) t e(-tt) 0 {1,3} {2} {1,3,4} {2}

In this state we have from (66), (65) and Lemma 9 that:

86‘, (w)

a( (tﬁ(w)> Bw) s PU(w)> O-L(w))

J(wis) = = [[=S5 (p2)]| = S5 (p2) -

Now, we have from (50) that

P(p,q.wis) = / / / f (At +s(p(p, p, 7)) S5 (p2) dirdpydts
t3——t po= ti=—t
= S’ d
‘/2 py=0 (p p2) p2
47°S (p)
‘/2 )
where we have used that Sy (p) = S5 (p) = S(p).

State Wie

State  f1(w) () fa(w) L) BW) UW) Ew) Fw)
wig € (=t,1) -t -t {2,3} {1} 0 {1,4} {2,3}

In this state we have from (66), (65) and Lemma 9 that:

Oer (w)

J(le) =
a( (tﬂ(w)) B(w) ) pU(w)7 O-L(w))

— |det { 5 (()p2) S;,(()ps) H = Sy (p2) S5 (p3) -
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Now, we have from (50) that

p—p [P—p [t
mem)z/ / /ﬂm+mm%w»wm%%mm@m
09=0 Jo3=0 Jt1=—1
2t pP—p pP—p

_ 1% (p+02)d02/ S' (p + o) do

‘/2 og2=0 o3=0

21 (S () — S (p))°
v ,

where we have used that Sy (p) = S5 (p) = S(p).

State  ti(w) f2(w) t3(w) Lw) Bw) Uw) E(w) F(w)
wir € (=4t -t e(-t1) {2} {1,3} 0 {1,3,4} {2}

In this state we have from (66), (65) and Lemma 9 that:

Oer (w)

J(w17) =
a( (tﬂ(w)> B(w) ) pU(w)7 UL(w))

= Sé (p2)

and we have from (50) that

p—p t t
Praws) = [ [ [ 1(At+sp.0) S () dudado
09=0 Jitz=—t Jt1=—t
4£2 (PP
= — S"(p+ o9) dog
‘/2 o2=0

47 (S (p) — S (p))
- .

In this state we have from (50) that

t t t 8%3
P (p,q,wis) :/ / / f (At +5(p(p, p,0))) drdtrdts = .
tg=—t Jito=—t Jt1=—1

2
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Appendix D: Meshed networks

Proof. (Lemma 5) The proof is similar to the radial version in Lemma 1.
Consider a node ¢ that is connected to node m through one or more uncongested
path(s), so that there is no fully or partly congested chain of arcs between node
¢ and node m for congestion state w. Thus, if a commodity is injected at node
¢ and consumed at node m, then no flow is going to pass through a congested

arc. Thus <(HL(W))T>Z and ((HU(W))T)£ are both empty or row vectors of zeros,

and consequently it follows from (35) that p, = p. The expression in (38) is a
simplified version of a related expression derived by Xu and Baldick (2007). In Xu
and Baldick’s expression (equation 29) all nodes ¢ # m are treated as if they are
semi-integrated with node m. We observe that the contribution to the residual

demand from nodes ¢ € =(w) can be simplified; here ((HL)T)E and <(HU)T>E

are both empty or row vectors of zeros. We also note that nodes ¢ that do not
have any uncongested path to node m will not have any contribution to the slope
of the residual demand in node m. =

Proof. (Proposition 5) This follows from a proof analogous to the proofs of
Lemma 6, Lemma 7 and Proposition 1 in Appendix A. =

Probabilities for different market outcomes are calculated similar to the radial
case. Instead of integrating over demand shocks for a given congestion state, we
transform the problem by integrating over the flows and shadow prices that arise in
the congestion state. However, the volume in ¢, o and p space is more complicated
in the meshed case, as flows around a loop are coordinated in order to satisfy
Kirchhoft’s law. Generally, A_,, will have M — 1 rows and K > M — 1 columns,
and so it will not have an inverse. We let G be a matrix with K — (M — 1) rows
forming a basis for the null space of A_,,. G could for example be the rows of the
orientation vectors of a set of K — (M — 1) cycles in the network (Strang, 1986).
We have from (34) that

Xt=—-AT¢

SO

GXt=-GA'¢p=0.

Thus feasible flows t must lie in the nullspace of Y = GX. We let T'(B(w)) be
the volume in t space that the flows in a set of uncongested arcs B(w) can span:

T(B(w)) = {tB . YBtB = —YLtL — YUtU, —EB S tB S EB} (71)
We can first choose M — 1 flows t’; and then let them determine the remaining

K — (M —1) flows t% in order to satisfy (71).

Lemma 10

Poun (g, p,0,0) = [ f(At+s(p(p,p,0),q) Jv(w)dty,, (72)
T(B(w))
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where

S_m (P(0,P,0),q) = S_m(P(D,p,0))
sm (PP, 0,0),q) = q+ Sm—n(p)
and
Oe

Jv(w) = .
8(tIB(w)7 pU(w)’ O-L(w)7 8771)

Proof. This follows from a similar argument as in the first part of Lemma 8.
Unfortunately Jy (w) does not simplify as in the radial case. m

Appendix E: Example: a delta network

The delta network can be described by the following node-arc incidence matrix.

-1 0 1
A= 1 -1 0
0o 1 -1
Thus (2) can be written as follows:
€1 51 (pl) —1 0 1 tl
&g = SQ (pg) + 1 -1 0 to (73)
€3 S3 (Ps) 0 1 1 t3
SZI’)) X t

We let node 1 be the trading hub and slack node, so we calculate

1 -1 0
Al_[o 1 —11'

Impedances are assumed to be the same, x, in all arcs. Thus

z 0 0

X=|0 2 0

0 0 =z
It now follows from (36) that

H = -X'AT, (A X'AT) " =—AT, (A,AT)"
W
— o (74)

1 2
3 3

o1



Table 2: The 13 feasible congestion states of the delta network.

State  t;(w) ta(w) t3(w)
w1 € (-%, 0) % —tl —%
wy € (0,2 — —t, +1
wy € [—=1,t] € [max(—f—t;,—f),min (f —t,7)] —t1 — 1
wi ' € (~1,0) —ty—1
Ws —% € (O, %) —tg + %
We S (-%, 0) —tl - % f
wr S (O,Z —t1 +t —t
wg t —t 0
Wo E 0 —l_f
W1 —t t 0
w11 —f 0 f
w12 0 f —Z
W13 0 —f %

Thus we have from (35) and (74) that:

-0
p] _ [p] [-2 L 11|~
ps ] P S
583 P3 — 03
= 1 1 3 i i P .
D 5301 1+ 302 — 503 — 301 — 302+ 503

Each arc of the delta network can be in one of three states: uncongested,
congested in the positive direction or congested in the negative direction. As in
the star network this would in principle give 3 x 3 x 3 = 27 congestion states in
the delta network. However, many of those congestion states are not feasible in
the studied delta network. Kirchhoff’s law cannot be satisfied for three congested
lines in our example. Two lines could be congested, but then they have to be
congested in opposite directions. Thus only the 13 states listed in Table 2 are
feasible in the studied delta network. Note that we have considered that too large
or too small flows in arc 1 and 2 results in a flow in arc 3 that is outside its allowed
range [—1,1].

In Appendix E.1, we use Lemma 5 and Lemma 10 to calculate

/ / P<paQ>pao-7w> dULde
Py YOoL

/ / D;,m(p,w,p, U)P (p, q, p,a,w) dULde
Pu YOL

and

for each feasible congestion state. The results are summarized in Table 3 and
Table 4.
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Table 3: f f (p,q, p,o,w)dodpy for each feasible congestion state of the
delta network

State pr faL P(p,q,p,ow)dordpy,

wi L [-NQ(p—2) + NQ (p+ )]y
w = [-NQ(p— %)+ NQ (p+2)]; "
3 % 3(p—p)
Wy = 2NQ (p+ %) + NQ (p+ %) 7
ws v [2NQ (p— %) - NQ (p - ‘;,)](;:
we % [2NQ (p— %) —NQ(p—F)]

_ 3(5717)

wr 5 [2NQ(p+2) +NQ (p+ %),

ws FQD®-Q(»)Q D)

W F@Q®-Q®)

wio 2Q(pQ®

w11 ]‘\;—jQz (p)

Wi FQD®-Q(»)Q D

w3 2 Q®

Table 4: f f D! (p,w,p,a)P (p,q,p,ow)dordp, for each feasible conges-
tion state Of the delta network. Note that p* = min [3p,3 (p — p)] and p = 3(73T_p).

State _pr fo'L ;nn p,w,p,o (p7Q7p7o-w) dO'Lde
w1 UN— 1)Q(P)[ NQ( __)+NQ(p+

o)
: Do+ I
o LRRENQ (- §)+N@(p+’-’)J e AR DA

-8 s

) dp
w3 BNV ' (p)
N0 NG (p+ %) +3NQ (- LR +B b +E)dp
wy R [-6NQ (p - %)—3N@(p—%)}§+%fo Qp-%)Q(p-35)do
vy IO [6NQ (p— %) —3NQ (p - 5)] 4 5 L Q0= %) @ (0 ) do
wr %[GNQOH&”)%NQ(F +O T (p+ %) Q (p+5) do
ws WD) (Q (p) - Q (1) Q (P)
wg WELNQ@ () (5) — Q (p))?
Wio WQ( ) Q (p)
w11 (N— 1)‘1/\;2 P)Q?()
wio R (Q () - Q (1) Q(P)
w3 LD g (p) Q (p)
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Appendix E.1: Congestion states in delta network

From the perspective of a producer in node 1, w; is symmetric with wy, wy is
symmetric with w7, ws is symmetric with wg, wg is symmetric with wqs, and wqq is
symmetric with wy3. Thus it is sufficient to make the calculations for eight states.

State w;

State  t1(w)  to(w) t3(w) L(w) Bw) Uw) Zw) Fw) T(w)

wy €(=t0) t -t —t 0 {1,3} {2} {1} 0 {2,3}

We have from (73) that

€1 S (p) -1 0 1 t
€3 | Sg pg) 0 1 -1 —tl —Z
[ Si(p) —2t1 -1
= So (p2) + 11 — tl,
Sg (pg) + tl + 2t
SO
-2
d | !
e =1 (77)
1 £3 1

It follows from (75) that

pREa!

P3 P+ 502 |
We now have from (76) and (78) that

Oe1 Op1
o €1 gpl ggz . 0
— | 2=20p2 | _ '
o | 2|7 s | T e | (79)
£ 3 =
° s 90 555 (ps)
We use (77) and (79) to calculate
der  9a1 Qe
e a0
Jv(wi) = =\|det | 5 52 32
Oty PUw) TL(w)>Em) Qs O 55
dtq 6,02 Oeq
—2 0 1
= |det 1 _ S3(p2) 0 _ Sé (p2) + SL/% (p3)
T :
S5 (p2) 3
1 S
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Thus we have from Proposition 5 that

Plnapow) - % |t = 5 (8 )+ ()
A (Sl< _%)+S,(p+22>> (80)

It follows from (74) that

and
Hyw =1,
so we have from (37) that
W=[3 —3] (81)
Moreover,
S’ 0
v= 70 o] (&2)

We can now use (81) and (82) to compute

1"PWT(WIW ') 'W1
1
= 150 sea]| 5] (1
3
= : (5'(p2) — ' (ps))”
S"(p2) + 5" (p3) 0
We assume symmetric offers in each node, so Q,,(p) = Q(p). The residual demand
slope for this state can now be calculated from Lemma 5:

Wl
|
Wl
f—
| —

W
<
O3
N
S~—
s
2
= o
o
S~—
| I
—
| =
W=
| I
\—/
|
—
—
Wl
Wl

D;zn(pawlaf)?o')
. . / . / . / N (Q/(pQ) - Q,<p3>)2
- W DG ) - M@ ) ¢ Q) + QT

= —(N-1)Q(p) - NQ'(p - ) NQ'(p+ ) (83)
N@p-%)-Qrm+ ”2))

Q-3 +Q+3%)
We now have from (80) and (83) that the contribution from this state to Z,,, in
Proposition 5 is:

+ (84)
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fPU(w1) fD'L(w1) _D;nn(pa w1, P, O-)P (p7 q, p, O',Cdl) daL(wl)de(wl)
_ 0m1n[3p,3(p*p)] % (NQ/ (p — p3—2) + NQ’ (p + P_32))

, 2y N@e-3)-Qer)’
((N - 1D)Q'(p) + NQ'(p— %)+ NQ'(p+ %) — (Q'(§—§)+Q'(:+P§>) ) dp,

= g fmm?””?’(” PNQ (p - %)+ NQ (p+ %)) do,
2 rmin 5 5\ ) 2
i Ommiizi L@ B) @ R) b
3V (Q( ——2)—Q(p+ 2)) dps

~ A5 g - )+ (p+ )0
_‘_% 0m1n[3p3p )] Q/( /132)@/ (p+%2)d,02-
Similarly,

‘,/‘pU(Wl)ifaL(wli) P (p’ q, p, U7w1) dUL(wl)de(wl)
_ fomln[3p,3(P—P)] ﬁ (NQ’( _ P_z) + N (p+ p2)>dp2
t min[3p,3
:VL[ NQ( p2)—|—NQ(p—|—p2)} [p(pp)]

State ws

State  t1(w) t2(w) f3(w) L(w) B(w) Ulw) Ew) Flw) T (w)
wo €(0,7) —t —tr+t {2} {1,3} 0 {1} 0 {2,3}

It follows from (75) that
{pz ] _ [P+-§02}
p3 p— %02 '

From the perspective of a producer in node 1, ws is symmetric with wy, so

z ! !
P(p,q,p,ows) = 3—‘/3(5 (p2) + 5" (ps))

- (56+2) 45 (-9)

and
D;nn<p7 w2, P, 0-)

(N - DQ) - NG () — NQ/ () + L) = Qo)

Q'(p2) + Q'(ps)
= —(N-DQE) - NQr+2) - NQ(p - 2)
N ’ 02 / 72.)?
T+ Q0 —”2><Q(p+?)_Q(p_?)) | )

Moreover, the contribution to Z,,, in Proposition 5 is the same as for state w.
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State ws

State  t;(w) ta(w)  t3(w) L(w) Biw) U(w) ng) Flw) T(w)
wi e[nd elii] —h-t 0 {28 o J2b 9 o
3 3

where { = max(—t — t;, —¢) and ¢ = min (f — #1,). We have from (73) that

€1 [ S) (p) -1 0 1 t
) = Sy (p2) | + 1 -1 0 to
€3 | 53 p3) 0 1 —1 —t1 — 19
S1(p) — 2t1 —ty
= Sy (p2) +t1—t2 |, (86)
Ss (p3) + t1 + 2ts
SO
-2
d | °!
E E9 = 1 (87)
1 £3 1
and
-1
d | °!
% 9P = —1 . (88)
2 £3 2
It follows from (75) that
b2 p
= , 89
=[] e

We use (87) and (88) to calculate
der  der g

_ de _ i s oc
JV(UJ?’) a(tlB(w)apU(wya'L(w)agm) det % % %
ot1 dta Oe1
-2 -1 1
= |det 1 -1 0 =3.
1 2 0
Thus we have from Lemma 10 that
1 T mm t tlt
P(p7Q7p70-7w3) = 7/ / (Wg)dtgdtl
ti1=—t Jta= max( —t—t1, t
0
% (2t + 1) dty +%/0 (2t — t1) dty = (‘% (90)

In the congestion state ws all nodes belong to the set =(w). We assume symmetric
offers in each node, so @Q,(p) = Q(p). The residual demand slope for this state
can now be calculated from Lemma 5:

Dy (pyws, po) = —=(N = 1)Q'(p) = NQ'(p) = NQ'(p) = — BN = 1) Q'(p) (91)
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We now have from (90) and (91) that the contribution from this state to Z,,, in

Proposition 5 is:

/ / _D;nn(p7 w3, P, O-)P(p7Q7p7o-aw3) daL(W3)de(w3)
PU(w3) ¥ 9 L(ws)

99BN -1,
= A
Similarly,
o
P (p7 q, P, 0-7W3) daL(w3)de(W3) - 7
PU(w3) ¥ T L(w3) 3
State wy
State t1(w)  ta(w) t3(w) L(w) Bw) Uw) ZEw) Fw) T(w)
Wy t e (-t,0) —t,—t 0 {2,3} {1} {1,2,3} 0 {2,3}
We have from (73) that
&1 i Sl (p) -1 0 1 %
E9 = SQ (pz) + 1 —1 0 t2 (92)
€3 | 53 pg) 0 1 —1 —19 —t
[ S1(p) —2%—152
= Sg (pg) — tQ + t_
| 53 (pg) + 2t2 +t
SO
—1
d |
% E9 = -1 (93)
2 £3 2
It follows from (75) that
P2 p+ 3p1
: 94
- 2
We now have from (92) and (94) that
861 0 1
o [2] | mm | [
a—pl €2 | = g;:,z gﬁj = ?Sé (p2) (95)
€3 ﬁa—ﬁ’ 395 (p3)

We use (93) and (95) to calculate
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Oer  dex  Oex
201 dto gal
_ Ogg  dep  Oeg
- det opy dta Oe1
Oez  des  Oes
8p1 dta Oe1

Oe

JV(CU4) =
a(tlB(w)a pU(W)? o'L(w)a 5m)

0 -1 1
= |det 25&3(?2) -1 0 _ 485 (pQ) + Sé <p3)
Ships) 3 3
o 2 0
Thus we have from Lemma 10 that
1 /° t (454 (p2) + S% (p3))
P = — J dty = : :
(p> q, p, O',Cd4) ‘/—3 e V(Cd4) 2 3‘/3
TS %) 15 0+ %)) 0
3V '
It follows from (74) that
Hyw =[-3 —3]
and
HL(w) = H )
so we have from (37) that
W=[-5 5] (97)
Moreover,
_ [ S'(p2) O
U= { 0 S'(ps) | (98)
We can now use (97) and (98) to compute
1"TWT (WOW ') 'WW1
—3 S'(p2) 0 =\
= S'( 3 _2 _1 [ 2 3
L 5 [—]( C 0 s -
s
3 73 p3)
1 1 / 2
= (25'(p2) + 5"(ps))” -

45'(pa) + 5 (ps)

We assume symmetric offers in each node, so Q,(p) = Q(p). The residual
demand slope for this state can now be calculated from Lemma 5:

D;nn(p7w4a P, U)

= (V- 1)Q) ~ NQ(p) — NQ/(pa) + %%ggjg ;;Z?;))
= (V- DQ) - NQ+ )~ NQ+ 50)

NQQr+2)+Qp+ip)
QP+ +Q(p+1ip)
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We now have from (96) and (99) that the contribution from this state to Z,,, in

Proposition 5 is:

pr(w4) fUL(W4) _D{mn(p7 wq, P, 2P (pa q, P, U',Cd4) daL(W4)de(w4)
3

B S(P p) t(4NQ <p+2p1>+NQ’(p+ ))
- fU 3V3

<N - 1)@'( ) + N@'(p + )+ NQ(p+5) -

N(2Q'(r+21)+Q (p+1p1))

4Q' (p+751)+Q' (p+ )

2
) dp,

3V3 fo (4NQ/ (p + Qﬂ) + NQ' (p + %)) dpy
%@5 0, ( Q+%)+Qw+5) (4Q (0 + %) +Q (v + %)) dny
g]x\z fo (2QI D+ 2,01) +Q'(p+ 3p1))2dp1 .
HN-1)Q' L

- LS00 [6NQ (p+ %) +3NQ (p+ 4],

R TQ 0+ B Q@ 0+ ) dp.
Similarly,
/ / P(p7 q, P>0'7W4) daL(w4)de(w4)
pU(W4) O L(wy)
[ e ) N0 ),
= ; 314 P1
% 9 3(p—p)
P1 1
= — |2N — N —
(v (v ) e (e )]
State ws
State ti(w) f2(w) f3(w) L(w) Bw) Uw) E(w) F(w)
ws 1 0.7) —t+t {1} {23} 0 {1} {}
We have fro (73) that
€1 [ S (p) -1 0 1 —t
€2 = Se(p2) | +] 1 -1 0 ta
£3 L Sg (pg) 0 1 —1 —tg +1
= SQ (pg) — t2 — t_
| 53 (pg) + 2t2 —1
SO
—1
d |
% 9 = —1
2 £3 2

60

T (w)
{2,3}

(100)

(101)
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It follows from (75) that

_ 2
{m}:{p %"1}. (103)
D3 pP—301
We now have from (101) and (103) that
e O
o | & %pi ggll , 0
870'1 €9 = 8;2 agi = —;Sé (pg) . (104)
€3 3;; 253; —355 (p3)

We use (102) and (104) to calculate

Oz1 e Oar

o 9 wl® B e
viws) = = 901 0ty ey
a(t/B(w)a pU(w)7 O L(w) Em) gﬁ % %
Oo1 Oto Oe1
0 -1 1
= |det —‘255/3((”2; -1 0
—SHk) 9
_ ASi)  Si(m)
3 3
Thus we have from Lemma 10 that
1 [t 4185 (po) 1S4 (ps)
p = — Jy (ws)dty = —2 :
(p7Q7p70->w5) V:”, I V(w5) 2 3‘/—3 + 3‘/—3
TS (=2 + 5 (- ) o
It follows from (74) that
Hy ) = (]
and
Hyw=[-3 —3],
so we have from (37) that
wW=[2 :]. (106)
Moreover,
_ | Sp2) O
= { 0 S'(ps) (107)
We can now use (106) and (107) to compute
1"PWT(WIW ') 'W1
: S'(p2) 0 ] [2 D_l [S’(p)
— [ 5 3 2 1 2 5 2 1 2
[ S'(p2) [%}([3 3}{ 0 S'(ps) L [3 5] S'(ps)

45'(102) +.5"(p3) (



We assume symmetric offers in each node, so Q,(p) = Q(p). The residual demand
slope for this state can now be calculated from Lemma 5:

D;,m(p,ws,Paa')
= —(N=1)Q(p) — NQ'(p2) - NQ'(ps)

N , , 2
1) + Q' ps) 2 ) )
- (-1 - N 2T - NQ - o)

N (2Q'(p—2) + Q' (p — 0v))’
4@/( 201)+Q/< __01)

We now have from (105) and (108) that the contribution from this state to Z,,, in
Proposition 5 is:

(108)

fULw) Dm"(p’w5’p’ )P(p7Q7p7aaw5) daL(w5)de(w5)

o Jorc,
Fp {avQ (250 ) v - %))

3V3

— D' "(p — 22 1oy _ N1 - jo)’
DEp) + NQ(p = F) + NQ'(p = 501) = — o —wr o, 10, ) don

S0 [ (1N (p - %) + N (p - F)) o
+%fo (Qp =5+ Q= 301) (4Q (P - %) + Q' (P~ F)) don
3V3 fo ( / 201)+Q( - )) doy .
:—“N;&f@[w@( ) -3V (- 3]
SR Q0-%)Q (p—%) don

Similarly,
/ / p7 q, p, 0-7("-75) daL(w5)de(w5)
pU(ws) 9 L(ws)
/ FANQ (p—5) + NQ'(p - %))
= d0'1
0 3Vs
— 3p
t 20’1 01 2
— LN (p=Z ) N (p-2
v{ Q(p 3) 2 (v 3>L
State wg

State  t1(w) ta(w) t3(w) Lw) Bw) Uw) Ew) F(w) T(w)
we € (=£0) —t1—t 1 0 {12}y {3} {1} {3 {2,3}

It follows from (75) that



From the perspective of a producer in node 1, state wg is symmetric with ws, so

_ Sip) , 4Si(m)

J
v(we) 3 3

Sy (p2) | 4Sh(ps) E(S'(p—%) +45 (p— %
P(p,q,p,ows) = ;)‘(/32)4_ 33V(3 3) _ ( ( 3)3% ( 3 ))7

and

D:nn(p?wﬁa P, U)

— o ! o ! i / N(Q/(p2)+2Q/(p3))2
= —(N-1)Q'(p) — NQ'(p2) — NQ'(ps) + Q' (pa) + 10 ()
= —(N-1)Q) - VY- 2) - NQ(p— £
N o Ps o 2050\
I e (O e

Moreover, the contribution to Z,,, in Proposition 5 is the same as for state ws.

State w;

State t1(w)  t2(w) t3(w) L(w) Bw) Ulw) Zw) Flw) T(w)
wr  €(0,7) -+t -t 0 {12} {3} {1,2,3} {} {2,3}

We have from (73) that

€1 [ Sl (p) —1 0 1 tl
€92 = SQ (pg) + 1 —1 0 —tl +E
€3 L Sg <p3) 0 1 -1 —t
[ Si(p)—T—t1
= 52 (pg) + 2t1 —E s (109)
L S3 (pg) — tl + 2t
SO -
-1
d | <
le|=]2 (110)
L €3 -1 ]
It follows from (75) that )
P3 P+ 303 |
We now have from (109) and (111) that
de1 O
o [2]_ e | _[,.
870'3 &2 = 6—22% = gSé (pg) . (112)
| | BE | |isi)
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We use (110) and (112) to calculate

Og1  dey O=1
dos dt1 Oeq
— |det | fe2 de2 D=
- dos dt1 Oe1
Oe3  des  Oes
Odos dt1  Oe1

Oe
a(tlB(w)7 pU(w)7 UL(w)7 gm)

Jv(w7) =

0 -1 1
: S 45
— |det Szgpz) 2 0 _ 2(p2)+ 33(]73)'
25&(193) -1 0

3

Thus we have from Lemma 10 that

£(S" (p+ 303) +45" (p+ 303))

1 t
P dt, = (11
apown) =g [ ey - (113
It follows from (74) that
Hy) = |
and
Hiw =135 3]
so we have from (37) that
wo -t 2] (114
Moreover,
S'p2) 0
v = . 115
AR -
We can now use (114) and (115) to compute
17"PW (WIW ) 'Ww1
- S/ 0 1 -1
= L s (T b | )

- 0[5

(5(p2) + 25" (p3))?
S"(p2) + 45" (ps)

We assume symmetric offers in each node, so Q,(p) = Q(p). The residual
demand slope for this state can now be calculated from Lemma 5:

D;rm<p7w77p7 0-)
= —(N - DQ() - NQ+ 505) - NQ(p+ 5o5)

N (Qp+1Los) +2Q'(p + 203))"
Q'(p + %03) +40Q'(p + §U3)

(116)
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We now have from (113) and (116) that the contribution from this state to Z,,, in
Proposition 5 is:

Jo

U(wr) fg’L(w7) _D;’rm(pv wr, P, U)P (p> q,p, O',(.U7) daL(w7)de(w7)
3o F(ANQ' (p+233)+NQ (1+ %))
0 3V3

’ 203 o3 2
(N - 1DQ'(p )+ NQ’(p+ 23) + NQ'(p+ %) — N2+ )19 (0t ) ) dos

4Q'<p+2”3>+c2 (p+%2)

;&f - fo Y AN (p+22) + NQ' (p+ %)) do
é@j fo ” (Q’ P+3)+Q(p+%) (4Q (p+2) +Q (p+ %)) doy
SIS (0 (p+ 220) + Q(p + %)) dorg

3(Pp—p)

_ HN— 1)Q(P) [GNQ (p+ 203) +3NQ <p+ 6;’3)]0 2

B Q0+ ) Q'+ ) don
Similarly,
/ / P (pa q, P, 0-7("}7) dUL(w7)de(w7)
PU(wr) Y O L(wy)
/s(p p) — (4NQ/ (p+ 203)+NQ/ (p+ ag))d
= o
0 35 ’
_ 3(P—p)
= Ll (p+ 22) v (n+ 2|
Rz S SERF
State wg

State t1(w) fta(w) t3(w) L(w) Bw) Ulw) Zw) F(w) T (w)

wg t =t 0 {2y 0 {1} {1} {2,3} 0
We have from (73) that

€1 Sl (p) -1 0 1 f
e | = | Solp) |+ 1 -1 0 || —f (117)
€3 Sg (pg) 0 1 -1 0
— ~ ~/ N ~ AN —
s(p) A ¢
S (p)
= SQ (pg) + 2t
S3(p3) —t
It follows from (75) that
P p+2p + 302 1
— . 118
[p?)] [p‘*‘zpl_ia (118)
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We now have from (92) and (94) that

Oe1 Op1
o €1 gpl gpl ) 0
3
€3 Z—;ga—’;j S (ps)
and
Oe1 Op1
o €1 gm ?)22 ) 0
3 !/
AR IR
€3 gagm —3553 (p3)
We use (119) and (120) to calculate
Oe 00l Oes 0w
Tolus) = et | 2 =
O3 PUw): TLw)s Em) 9 0o oes

dpy Ooa  Oer

0 0 1
C gt | 2 s || 2 S2(p2) S5 (ps)
Sé?ps) _Sg(pg) 0 3
3 3

Thus we have from Lemma 10 that

3 (p2) S (ps)

121
3V (121)

P <p7 q, p, 0-7("}8) -
The residual demand slope in this state is

—D;,.(p,ws, p,o) = —(N = 1)Q'(p), (122)

because the flows in all lines into node 1 are ﬁxed

We make the substitution v = p + p1 + 02 and v = p+ 3,01 — 02 We
now have from (121) and (122) that the contrlbutlon from this state to Zmn 1N
Proposition 5 is:

/ / _D;nn(pv ws, P, U)P (paCIal%O'aWS) daL(wg)de(ws)
pU(wS) O L(wg)
—1 Q/ 9 (py1,02)
= So (u) S5 (v ———"dud
E / / o) M

= (v _1N2QI //Q v) dudv

_ V- >V]3V Q/()(Q(p)—Q(p))Q(T?)

Similarly,
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P (p7 q, P, O',Cdg) daL(WS)de(WS)

/pU(w /O-L(ws)

_ S/ S/ (p1702)d d
svg / / o) M
= V (Q(p) —Q®)Q{).
3
State wyq
State t1(w) f2(w) t3(w) L(w) B(w) Uw) E(w) Fw) T(w)
Wo t 0 -t {2y 0 {1} {1y {2,3} 0
We have from (73) that
€1 [ S) (p) -1 0 1 t
E9 = SQ (pg) -+ 1 —1 0 0
£3 Sg (pg) 0 1 —1 —Z
— ~ / . ~ N p—
s(p) A t
[ Si(p) —2t
= | Salp2) +1 (123)
Sg (pg) +1
It follows from (75) that
D3 D+ 3p1 + 03
We now have from (123) and (124) that
9de1 Op1
0 €1 gpl gpl ) 0
ap. &2 | = | o aﬁj = §S§ (p2) (125)
"] es S o 393 (p3)
and
Oe1 Op1
0 €1 gpl gas . 0
90s | 2| T e | = gsé (p2) (126)
€3 Gea O 59 (p3)
We use (125) and (126) to calculate
oe o
Jy(wg) = = |det | 522 52 o2
a(t/B(w)v PU(w)> O L(w)> €m> % g %
Op; Doz Oer
0 0 1
— et 254(p2)  Sh(p2) 0 - Sé (pz) Szl‘s (pg)
a o 3 N 3 '
alps)  253(ps)
3 3




Thus we have from Lemma 10 that

Sy (p2) S5 (p3) '

127
3V (127)

P <p7 q, p, an9) -

The residual demand slope in this state is

—D;,,(p,wo, p,o) = —(N = 1)Q'(p), (128)

because the flows in all lines into node 1 are fixed.
We make the substitution v = p + §P1 + %03 and v =p+ %pl + §0'3. It can be
shown that 22172) — 3. We now have from (127) and (128) that the contribution

O(u,v)

from this state to Z,,, in Proposition 5 is:
/ pa wy, p, 0 )P(p7Q7p70-7w9) da‘L(wQ)de(Ldg)

/p L(wg)
o -1 QI ' ' (p17g3)
= 3V3 / / Sg (w) S5 ( (9( ) dudv

_ W _1N2Q/ //Q v) dudv

(N — 1)N2Q’

U(wg)

o _ 2
= v ( (p) —Q(p)".
Similarly,
/ / P (p7 q,p,0 w9) da-L wg)de(wg)
pU(w T L(wg)
— / / Sl Sl (p17 Ug)d dU
3V3 3( v)
o . 2
= V3 (Q (?) - Q)"
State w10

State f1(w) f2(w) #3(w) L(w) B(w) Uw) Ew) Fw) T(w)
wo —t 0 0 {1y 0 {2y {1} {23t 0
We have from (73) that

€1 Sl (p) -1 0 1 —E
€9 = SQ (pg) -+ 1 —1 0 f
€3 53 (pg) 0 1 -1 0
s?r) X
Si(p) +1
= | S2(p2) -2t |. (129)
53 (pg) —f—%




It follows from (75) that

FIR Al (1)

We now have from (129) and (130) that

Oe1 Op1
8 €1 gpl gﬂl ) O
— | Oe28p2 [ _ | _2q
o | 2| = | G | = | "35%2(p2) (131)
Op3 0o 3%3
and
de1 Op1
o €1 gpl gpz ) 0
_ odeg Op2 _ !
Oy | 2| T e | T —1§€2 (p2) | - (132)
2 Oes Op3 =9
€ Oes Ops
3 s Ops 3 5 (p3)

We use (131) and (132) to calculate

Jder  Qe1 dar

e o g 0
Jy(wio) = = |det | 22 %2 2=
a(tlB(w)apU(wwa’L(u})agm) g % %
01 0pgy Oeq
0 0 1
_ _284(p2)  Si(pe) S5 (p2) S5 (p3)
= |det S 5 0 == = -7
_Siles) S 3
3 3

Thus we have from Lemma 10 that

3 (p2) S (ps)

133
3V (133)

P (p7 q,p, 0',(,{]10) =

The residual demand slope in this state is

_D;nn<p7w10>p7 O') = _(N - 1)Ql(p)7 (134)

because the flows in all lines into node 1 are fixed.

We make the substitution u = p — %01 — %pz and v =p— %01 + %pQ. It can be

shown that % = 3. We now have from (133) and (134) that the contribution

from this state to Z,,, in Proposition 5 is:
/ pWJlO’Pa )P(p7Q7p70-7w10> daL(wlo)de(wlo)

/p L(ww)
o -1 QI ! ! (pla 3)
= 3V3 / / Sy (u) S5 ( a( ) dudv

= (V _1N2Ql //Q v) dudv

(N - 1>N2@'

= v Q(p)Q(p)-

U(W10
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Similarly,

/”U(wm)

[ [ S8 - Famem.

/ P (pa q, P, 0',(.{)1()) daL(wlo)de(wlo)
9 L(w10)

State W11

State f1(w) f2(w) t3(w) L(w) B(w) Uw) Ew) Fw) T(w)
wip  —t 0 t {1} 0 {3t {1} {2,3} 0

We have from (73) that

&1 Sl (p) —1 0 1 —l_f
g2 | = | Sa(p2) |+ 1T -1 0 0
€3 Sg (pg) 0 1 —1 %
~ ~~ 4 ~~ N——
s(p) A t
[ Si(p) +2t
| S -7 |- (135)
| S3(ps) —t
It follows from (75) that
D2 p— 301 — 3P
_[ P (136)
p3 pP—301—=3P3
We now have from (135) and (136) that
0z, &
o [=]_ | ma -
(3
87"1 €9 = g_ngffi — _§Sé (p2) (137)
€3 e Fer —35% (p3)
and
921 0p1
o ]|k »
— o€z Op2 — !
om | 2T Bl | T IR0 | 1)
€3 8—28—2 —353 (p3)
We use (137) and (138) to calculate
Oey  0e  Oey
oe o
Jv(wll) = = det % g2 =2
8(t/13(w)7pU(w)>aL(w)7€m) % % %
Oo1  Ops Oeq
0 0 1
255(p2) S (p2)
= |det | —=2F =2 0
_ S3(ps) _ 2S3(ps) 0
3 3
() S ()
3 :
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Thus we have from Lemma 10 that

4 (p2) S4 ()

P(p7Q7paavw11) = 3‘/3

The residual demand slope in this state is

_D:nn(pawllapa 0') = _(N - 1)Q/(p)7

because the flows in all lines into node 1 are fixed.
We make the substitution u = p — %al — %p?) and v =p— %01 — %pg. It can be

shown that 2922 — 3. We now have from (133) and (134) that the contribution

O(u,v)

from this state to Z,,, in Proposition 5 is:
/ p7w117p7 )P(p7Q7p70-7w11>daL(w11)de(w11)

/p L(W11)
o —1 Ql ! ! (017p3>
= 3%’ / / S (u) S5 ( 8( v) ————~dudv

= (v _1N2QI //Q v) dudv

(N - 1)N2Q’
_ - Q2 (p)

U(w11)

Similarly,

/pU(wll)

o / / (Ulap?)) _N22

/ P (pu q, P, U7w11) daL(wll)de(w11)
GL(Wll)

State w12

State t1(w) f2(w) t3(w) Lw) B(w) Uw) E(w) Fw) T(w)
It follows from (75) that

[p2 } _ {p—épﬁ%as]
3 P+ 3P+ 503
From the perspective of a producer in node 1, state wis is symmetric with wg, so

4 (p2) S5 ()

P(p,q,p,d,w12) = 3‘/})

and
—D; . (p,wi2, p. o) = —(N —1)Q'(p).

Moreover, the contribution from this state to Z,,, in Proposition 5 is:
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/

/ _D;rm<p7 w12, P, U)P (pa q, p, U,w12> daL(w12)de(w12)
I L(w12)

U(wi2)

N— N2 /
- WDV 0 5) - Qe m
3
and
/ / P(p,q,p,0,wi2) dUL(w12)de(w12)
PU(w13) Y T L(wy2)
N2
- Y em-emen.
3
State W1is

State #1(w) t2(w) t3(w) L(w) B(w) U(w) E(w) F(w) T(w)
w13 0 —t t {2} 0 {3} {1} {2,3} 0
It follows from (75) that

{Zh } _ {pﬂL%Uz—%Ps]
p3 pP—302—3P3
From the perspective of a producer in node 1, state w3 is symmetric with wyg, so

S (p2) S5 (ps)

P(p,q,p,0,wi3) = 3V

and

_D:’rm(p>w137pa U) = _(N - 1)Q/(p)

Moreover, the contribution from this state to Z,,, in Proposition 5 is:

/‘;U(Wls)

= =BG )0 )

/ _D;nn<p7 wis, P, U)P (p7 q, p, O',Cd13> dUL(w13)de(w13)
T L(w13)

and

/pU(w13)

_ %2@ ) QP

/ P (p7 q, p, 0'7("}13) daL(w13)de(w13)
9 L(w13)
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